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Abstract

Since Newton (1642-1727) continuous time modeling by means of differential equations is
the standard approach of dynamic phenomena in natural science. It is argued that most pro-
cesses in behavioral science also unfold in continuous time and should be analyzed accord-
ingly. After dealing with the essentials of stochastic differential equation modeling of panel
data by means of structural equation modeling (SEM) and the exact discrete model (EDM)
as well as with the relevance of cross-sectional research for continuous time modeling (Cole-
man), several paradoxes specifically related to the cross-lagged panel design in discrete time
are addressed and solved in continuous time. These paradoxes have been the cause of a lot of
confusion in the interpretation of cross-lagged panel analyses in the literature. Educational
research data illustrate and evaluate continuous time modeling of cross-lagged effects by
means of different models and methods using SEM.

Key Words and Phrases: continuous time modeling, cross-lagged panel design, exact discrete
model, stochastic differential equation, structural equation modeling.

Introduction
A quick look at the text books of longitudinal data analysis (e.g. Bijleveld & van der Kamp, 1999;
Collins & Horn, 1991) learns that the continuous time approach by means of differential equa-
tions is almost nonexistent in behavioral science. Most prominent methods of longitudinal data
analysis for quantitative variables are analysis of variance (ANOVA and MANOVA), multilevel
analysis, and structural equation modeling.

When corresponding error covariance structures are specified, MANOVA and multilevel
analysis become identical (Bijleveld & van der Kamp, 1999) and typically amount to random-
coefficient curve fitting with time as pseudo-treatment or (within-subjects) “predictor” variable
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and possibly with measurement error (Bryk & Raudenbush, 1992; Mehta & West, 2000; McAr-
dle & Hamagami, 1996; Miyazaki & Raudenbush, 2000). Most often polynomial curve fitting is
used, before or after some suitable transformation of the time variable (Willett & Sayer, 1996).
In practical applications one tries to avoid higher-order polynomial components in favor of those
of the simple linear model: random intercepts and random slopes only, allowing a clear inter-
pretation of individual curves in terms of growth or decline (Bryk & Raudenbush, 1992, p. 148;
McArdle & Hamagami, p. 111). By choosing time itself as “predictor”’instead of the past
state of the system, the polynomial curve fitting model lacks the causality direction from past to
present and therefore the ability to perform stability analysis for the model. An exception is the
linear model that by definition is unstable, however. The linear model is extremely unrealistic in
implying for every subject unlimited growth in one direction over time and unlimited decline in
the opposite direction. Mehta and West (2000) use this to prove for the population of subjects
in the linear model two other unrealistic features: (a) unlimited quadratic growth of the variance
in the two time directions from a minimum variance time point in between, (b) an increasingly
negative (positive) correlation between intercept and slope depending on how far the time scale
origin is chosen before (after) this point. The frequently found negative correlation between ini-
tial status and growth, often presented as a remarkable empirical finding, law or paradox (Bryk
& Raudenbush, 1992, pp. 137-138; Wilder, 1967; Willett & Sayer, 1996, pp. 147-149), turns out
to be a simple artifact of the linear model and dependent on whether and how far the time scale
origin is located before the minimum variance time point.

Structural equation modeling (SEM) is the more general one of the three methods mentioned.
In addition to MANOVA and multilevel models (Willett & Sayer, 1994), difference equation
models are frequently specified and estimated by means of SEM (Jöreskog, 1978; Jöreskog
& Sörbom, 1985; MacCallum & Ashby, 1986). Difference equation models share the causal-
dynamic character with differential equation models, both restricting the role of time to the spec-
ification of the temporal direction of effects from past to present (nonanticipative). The treatment
of stochastic differential equation models, however, especially by means of SEM (Arminger,
1986; Oud & Jansen, 2000), is extremely rare and a summary will be given first in the present
article.

In addition to the special arguments for continuous time modeling, to be discussed in con-
nection with the cross-lagged panel design in behavioral science, the basic arguments expounded
by its pioneers in econometrics are valid for behavioral science as well. In an interview by his
pupil Phillips (1993, p. 23), Bergstrom emphasized: “The economy does not cease to exist in be-
tween observations. Nor does the economy move in regular discrete jumps, at quarterly or annual
intervals corresponding to the observations.... Many economic variables, particularly financial
variables, do make discrete jumps and those jumps can occur at any point in time.” Gandolfo
(1993, pp. 2-3) added with regard to the observation periods: “It is necessary to check that no
essential result of a discrete model depends on the actual time-length of the period (the model
should give the same results when such a period is, say doubled or halved). But, if the results
are unvarying with respect to the period length, they should remain valid when this length tends
to zero (that is, when one switches over from discrete to continuous analysis).” In a historical
overview of the development and application of continuous time stochastic models in the 20th
century, Bergstrom (1988) mentions crucial problems that had to be overcome. A first milestone
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is Wiener’s (1923) rigorous mathematical description of the Brownian motion, the erratic be-
havior of particles in a liquid, discovered by the English botanist Brown in 1828 and later on
called Wiener process. Two other milestones are the solution by Itô (1944, 1951) of the stochas-
tic differential equation involving the Wiener process and the derivation by Bergstrom himself
in 1961-1962 of the exact discrete model to solve the problem of estimating the parameters of
continuous time stochastic models from discrete data.

The panel design has been proposed by Lazarsfeld (Lazarsfeld & Fiske, 1938; Lazarsfeld,
1940) to circumvent the difficult problem of assessing the direction of effects between variables
x and y in cross-sectional research. The cross-lagged panel design was designed to study and
compare the effects of variables on each other in opposite directions over time. Crucial for
panel research is that the causal direction is not based on instantaneous relationships between
simultaneously measured variables x and y but that different variables are available for opposite
directions: xt1 and yt2 for the causal direction from x to y, yt1 and xt2 for the opposite direction
from y to x. It is therefore supposed to be much more suitable than cross-sectional research
in answering, for example, whether the advertisement of a particular commodity brand causes
people to buy or, conversely, its frequent consumption causes people to remark its advertisement,
or both (Lazarsfeld, 1940). Lazarsfeld’s preference of the cross-lagged panel design to cross-
sectional research for this type of causal analysis closely parallels Wold’s (1954) later compelling
argument in economics to replace interdependencies by recursive formulations in terms of lagged
variables.

After discussing why continuous time modeling of cross-effects is not easily done in cross-
sectional research either, several paradoxes, connected to the cross-lagged panel design in dis-
crete time, will be explained and shown to be solvable in continuous time. First, the cross-lagged
panel design offers estimates of both cross-lagged coefficients and instantaneous ones (e.g., by
means of SEM). In discrete time, it is not clear how the two different sets should be combined
in a unitary measure for the causal effects. Second, different researchers, studying the same
causal effect in different discrete time distances, are even unable to compare the strength of the
causal effects found in discrete time. Finally, simulation research shows that in discrete time the
strength and order of magnitude of the cross-effects (e.g. cross-lagged effect of x on y and of y
on x) heavily depend on the discrete time interval chosen by the researcher and may even reverse
when appropriately studied in continuous time.

Having attracted in the past most attention in fields like sociology and economics, the cross-
lagged panel design is becoming increasingly popular in psychology as well. Rueter and Con-
ger (1998), for example, make clear that correlations between parental and children’s behavior,
which in the past invariably were interpreted as unidirectional influences from parents to children,
in recent years typically have got a reciprocal causal interpretation and have led to a lot of cross-
lagged panel research. The cross-lagged analyses, however, are performed in discrete time and
their evaluation turns out to suffer precisely from incomparability and seemingly contradictory
outcomes as a result of different discrete time observation intervals within and between studies
(Gollob & Reichardt, 1987; Lorenz, Conger, Simons, & Whitbeck, 1995; Sher, Wood, Wood, &
Raskin, 1996). The study of Vuchinich, Bank, and Patterson (1992), assessing cross-lagged as
well as instantaneous effects between parental disciplinary behavior and child antisocial behav-
ior, led to additional confusion by the fact that the results for both kinds of effects differed and
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significance was found only for the instantaneous effects.
In the present article, continuous time modeling of cross-lagged effects by means of SEM

will be illustrated in several ways and with several models, using a longitudinal data set from
education and addressing the question whether and how strongly in initial reading Decoding
Skill influences Reading Comprehension, Reading Comprehension influences Decoding Skill,
or both.

Continuous Time Differential Equation Modeling in
Deterministic and Stochastic Form

For more than three centuries in most fields of science the standard approach of dynamic phenom-
ena is continuous time modeling by means of differential equations. One well-known example is
the application of Newton’s (1642-1727) famous second law of motion to describe the pendulum
motion by means of the second order differential equation:

d
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dt2
= − 1
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y(t)

�
: (1)

Acceleration is inversely proportional to mass m and directly proportional to the external force
exerted, which in this case depends on velocity dy(t)=dt as well as location y(t). Equation (1) de-
scribes a continuous-time second-order autoregressive process, called CAR(2)-process. Written
as a state space model for x1(t) = y(t), x2(t) = dy(t)=dt:
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the eigenvalues of the so-called drift matrixA,
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can be computed to give important information about the dynamic properties of the model. For
small friction values 
, the eigenvalues a± bj (j the imaginary number

√−1) become complex,
implying that the pendulum follows a sinusoidally oscillating movement. For zero friction (
 =
0), the pendulum oscillates constantly with angular frequency b = !=

√
m and time period T =

2�=b, where ! inversely relates to the length of the pendulum rod. Because the real part a of
the eigenvalues can never be positive (a ≤ 0), the pendulum is inherently stable. For a < 0
and thus 
 > 0 it is even asymptotically stable, showing a dampened oscillation converging to
the equilibrium position. Finally, sufficiently large friction values result in real eigenvalues and
cause the pendulum to go to the equilibrium position without oscillating.

The asymptotic stability requirement of all eigenvalues of A having negative real part is the
direct continuous time analog of the corresponding discrete time requirement of all eigenvalues
being located within the unit circle. In both cases it means that the trajectory converges to the
steady state trajectory. Stability analysis is of prime importance in judging the plausibility of a
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model. Nonstability or diverging behavior in a time-invariant model means that the system more
or less quickly would explode according to the model. In most cases this is not realistic, so that
a new and better model has to be found, or not desirable, so that control measures should be
taken to prevent the system from diverging. For time-varying models with time-invariant matrix
A in Equation (2) replaced by time-varying one A(t), stability becomes more flexible, as the
eigenvalues become time-varying too and trajectories may stay within boundaries, even when
eigenvalues become temporarily positive.

Examples of continuous time oscillating and non-oscillating behavior patterns are not less
abundant in economics and psychology than in physics. Temper and feelings of depression, for
example, are oscillating phenomena to be modeled accordingly with higher oscillation frequency
in some people than in other ones, while also the amplitude (strength) as well as the phase
of the oscillations, determined by initial conditions, are allowed to differ in different people.
Typically, however, the description of oscillating as well as non-oscillating behavior patterns by
Equation (2) turns out to be less than perfect in fields like economics and psychology as well as
in special fields of physics. Continuous time noise is needed and found in the famous Wiener
process W(t) or limiting form of the discrete time random walk process (Jazwinski, 1970, pp.
70-74):

dx(t)

dt
= Ax(t) +G(t)

dW(t)

dt
: (3)

A connection between continuous and discrete time noise is made by formally deriving from
Equation (3) solution

x(t) = x(t0) +

Z t

t0

Ax(s)d(s) +

Z t

t0

G(s)dW(s) (4)

or from simplest possible stochastic equation

dx(t)

dt
=

dW(t)

dt
(5)

random walk process

x(t) = x(t0) +

Z t

t0

dW(s) = x(t0) + [W(t)−W(t0)] = x(t0) + �Wt; (6)

which can be interpreted in continuous time as well as in each arbitrary subset of discrete time
points in continuous time.

Assuming (a) all arbitrary (but nonoverlapping) random steps or increments�Wt = [W(t)−
W(t0)] to be independent and stationary (zero mean, variance �t) and (b) the sample trajectories
W(t) to be continuous with initial valueW(0) = 0, in fact, defines the Wiener process (Arnold,
1974, p. 46) and is the basis of most of continuous time modeling results. The Wiener process
thus puts the customary discrete time assumptions (independence and zero mean) on the noise
in every subset of discrete time points in continuous time. In addition it requires continuity for
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the sample trajectories. However, Bergstrom (1983), while preserving the standard results, was
able to relax the continuity assumption under rather general conditions, allowing the noise to
come also in the form of “discrete jumps at random intervals of time rather than in the form of
Brownian motion” (Bergstrom, 1988, p. 366). It should be further noted that the standardizing
assumption (variance �t and thus 1 for the standard discrete time interval �t = 1) is no real
restriction, because the matrix G(t) in Equation (3) allows transformation to arbitrary variances
and covariances, nor is W(0) = 0 for time-invariant models, because the stationarity of the
increments allows the time scale origin to be located arbitrarily.

It is well-known that the “white noise” process dW(t)=dt in Equations (3) and (5) is not a
stochastic process in the ordinary sense (see e.g. Arnold, 1974, p. 48). Nor can the stochastic
integral

R t

t0
G(s)dW(s) in Equation (4) be defined as an ordinary Riemann-Stieltjes integral.

An idea of the peculiar nature of continuous-time noise is obtained by realizing that the random
walk steps, which occur only once per unit time interval in discrete time, are repeated over
infinitesimally small intervals in continuous time. The independence of the increments over
arbitrarily small intervals causes the sample trajectories to be of infinite length over any finite
interval. Therefore they are not of bounded variation and nowhere differentiable in the traditional
sense (Gard, 1988, p. 33). Fortunately, however, there are alternative ways to define and solve
the stochastic integral

R t

t0
G(s)dW(s) as shown by Itô, Bergstrom and others. Itô did so for the

general case of stochastic, time-varying matrices G(t). In this article only fixed but possibly
time-varying matrices G(t) will be assumed, while the trajectories studied are considered to be
sufficiently smooth to retain the continuity assumption.

Estimating the Continuous Time Differential Equation Model
by Means of a Multiple Subject Sample

To estimate the stochastic differential equation model in the case of a sample of multiple subjects,
Arminger (1986) employed the so-called “indirect” method, which consists of first estimating
discrete time parameters by means of an SEM program and then in a second step deriving the
continuous time parameter values using the Exact Discrete Model (EDM). The EDM, introduced
in econometrics by Bergstrom (1988), links in an exact way the discrete time model parameters
to the underlying continuous time model parameters by means of nonlinear restrictions. Because
SEM programs like LISREL (Jöreskog & Sörbom, 1996) are not able to impose the necessary
matrix exponential nonlinear constraints between the continuous time and discrete time param-
eters in the EDM directly during estimation, the indirect method was criticized by Hamerle,
Nagl, and Singer (1991). Oud and Jansen (2000), however, show how recent standard SEM soft-
ware packages like Mx (Neale, 1997) and MECOSA (Arminger, Wittenberg, & Schepers, 1996)
can be employed for maximum likelihood estimation of the continuous-time state space model
parameters, using the direct method: applying the nonlinear constraints of the EDM directly
during estimation. Additionally, Oud and Jansen (2000) generalize the EDM to cover not only
time-invariant parameters but also the cases of stepwise time-varying (piecewise time-invariant)
parameters and parameters varying continuously over time according to a general polynomial
scheme.

Kwantitatieve Methoden



Continuous Time Modeling of the Cross-Lagged Panel Design 7

We start from the following somewhat extended version of the stochastic differential equation
in Equation (3), describing the state trajectory in continuous time with possibly time-varying
parameter matrices:

dx(t)

dt
= A(t)x(t) + 
 +B(t)u(t) +G(t)

dW(t)

dt
: (7)

The drift matrix A(t) specifies how the change in the state x(t) depends on the state itself. Be-
cause in SEM the asymptotics is for the subject sample N instead of the number of time points T
going to ∞, no stability or stationarity assumption is needed for the state. It means stability can
be estimated for the model instead of being an estimation requirement. Effects B(t)u(t) �= 0

of fixed input variables in u(t) accommodate for nonzero and nonconstant mean trajectories
E[x(t)]. By the specification of random subject effects 
 �= 0 subject specific conditional mean
trajectories are obtained, keeping a subject specific distance from E[x(t)]. The zero mean nor-
mally distributed variables in 
 can be viewed as a special kind of (unobserved and constant over
time) state variables, sometimes called “trait” variables.

For nonstochasticG(t) the following solution of Equation (7) is obtained (Arnold, 1974, pp.
128-134; Ruymgaart & Soong, 1985, pp. 80-99):

x(t) = �(t; t0)x(t0) +

Z t

t0

�(t; s)
ds+

Z t

t0

�(t; s)B(s)u(s)ds+

Z t

t0

�(t; s)G(s)dW(s)

with cov

�Z t

t0

�(t; s)G(s)dW(s)

�
=

Z t

t0

�(t; s)G(s)G′(s)�′(t; s)ds :
(8)

Central in the solution is the state transition matrix �(t; t0), defined by d�(t;t0)

dt
= A(t)�(t; t0),

�(t0; t0) = I and solving the deterministic homogeneous part dx(t)

dt
= A(t)x(t) of Equation (7).

Estimating the continuous time parameters in Equation (7) on the basis of discrete time panel
data by means of SEM requires the EDM to be derived first. The EDM relates the discrete time
parameters in the discrete time state Equation (9),

xt = At−�txt−�t + �+Bt−�tut−�t +wt−�t with cov(wt−�t) = Q t−�t ; (9)

to the underlying continuous time parameters via an exact expression for the solution in Equa-
tion (8). For example, for a time-invariant A(t) = A over discrete time observation interval
�t = t− t0, the lagged autoregression matrixAt−�t in the EDM takes on the well-known exact
exponential formAt−�t = �(t; t0) = e

A�t. Detailed solutions and derivations for time-invariant
as well as time-varying parameter matrices are given by Oud and Jansen (2000).

In many cases the state variables in vector x(t) of the EDM state Equation (9) cannot be
directly observed and a so-called output or measurement equation has to be added to the EDM:

yt = Ctxt +Dtut + vt with cov (vt) = Rt : (10)

It is interesting that in those cases all state variables, at as well as between observation time
points, become latent. In conjunction with the nonlinear restrictions involved, Equations (9)
for successive time points are introduced as the structural equation part of the SEM model and
Equations (10) as its measurement equation part.
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Continuous Time Modeling by Means of Cross-Sectional
Research

Before going into details about continuous time modeling in the cross-lagged panel design, we
will first examine whether and which contribution cross-sectional research could make to causal
inference from a continuous time perspective, including the assessment of reciprocal causal in-
fluence. Starting from a simplified time-invariant and deterministic version of Equation (7):

dx(t)

dt
= Ax(t) +Bu(t) ; (11)

Coleman (1968) tried to make sense out of cross-sectional research by deriving under the as-
sumption of equilibrium, dx(t)

dt
= 0 and thus 0 = Ax(t) + Bu(t), the cross-sectional reduced

form equation

x(t) = B∗
u(t) with B

∗ = −A−1
B : (12)

Coleman (1968, p. 444) is very clear about the meaning of Equation (12): “The cross-section
analysis assumes, either implicitly or explicitly, that the causal processes have resulted in an
equilibrium state.”

The cross-sectional regression coefficients in B∗ of Equation (12) do not have a simple and
informative relationship to the underlying dynamic coefficients in A and B. However, the coef-
ficients in Equation (13), which is easily seen to be the structural form of a structural equation
model with Equation (12) as the reduced form, do:

x(t) = A∗
x(t) +Bu(t) with A

∗ = I+A : (13)

The reduced form coefficients in B∗ (Equation (12)) and the structural form coefficients in en-
dogenous or instantaneous effects matrix A∗ and exogenous effects matrix B (Equation (13))
have the well-known relationshipB∗ = (I−A∗)−1

B. So, after estimating for obvious stochastic
versions of Equations (11)-(13) the structural and therefore immediately the differential form,
the reduced form can be derived in the customary way.

For a nonrecursive model, matrix A∗ = I + A in Equation (13) contains the famous inter-
dependencies (instantaneous reciprocities), extensively discussed in econometrics and heavily
criticized by people like Wold (1954) and Meissner (1971). Their criticism involved exactly
the assumption Coleman formulated for enabling cross-sectional coefficients to be interpreted
causally-dynamically. They too made clear that subjects should be in a (stable) equilibrium state
for the interdependencies to make sense and to be interpretable dynamically. The problem is that
the equilibrium assumption as well as the implied stationarity and time invariance of the model
seldom apply in practice. In their view the model assumes what has to be proven dynamically
and what in most cases turns out to be false.

Additionally, as a result of the lacking longitudinal information, the structural form matrix
A

∗ is often non-identified, especially with regard to the reciprocal causal effects one is inter-
ested in. It means that in practice it is often impossible to disentangle the true causal-dynamic
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coefficients of A and B in the structural cross-sectional form (Equation (13)) from the mixtures
B

∗ = −A−1
B in the reduced cross-sectional form (Equation (12)).

Finally, for identification reasons it is customary in cross-sectional analysis to fix the values of
the self-loop coefficients or diagonals ofA∗ at 0 and therefore the diagonals ofA = A∗−I at −1.
Although these negative feedback values of −1 are consistent with the assumption of the subjects
being in a stable equilibrium state, it is a highly restrictive specification as infinitely many other
negative values would also be consistent with this assumption. If therefore the diagonal elements
of A should be said to be only rough approximations of the true ones, the interconnectedness
between the elements of A means that also the other elements are only approximate in cross-
sectional research. It is possible in SEM to fix the diagonals of A∗ at other values than 0 and
thus the diagonals ofA at other values values than −1. However, because the values to fix at are
usually unknown and in need of estimation themselves, this usually is of no help in practice.

Because of these reasons, in spite of the illuminating connection Coleman made between
cross-sectional and longitudinal models, cross-sectional research does not seem to be more suit-
able for causal-dynamic inference from a continuous time perspective than from a discrete time
perspective. Nevertheless, Equation (13) is one of the ways proposed to estimate the continu-
ous time differential equation parameters and will be called Approximate Cross-sectional Model
(ACM) in the sequel.

How to Choose from Two Sets of Coefficients in Discrete Time
Modeling

Instead of EDM Equation (9) or its time-invariant version

xt = A�xt−�t + �+B�ut−�t +wt−�t ; (14)

analysts in discrete time modeling often choose the structural form, which for Equation (14) will
be written

xt = A0xt +A`xt−�t + �` +B`ut−�t +w`;t−�t : (15)

Equation (15) contains simultaneously two kinds of effect coefficients between the state vari-
ables: instantaneous coefficients in matrix A0 and lagged coefficients in matrix A`. For each of
the effects the discrete time analyst could choose the instantaneous coefficient, the lagged coef-
ficient or both to be present in the model. Estimating both and deciding on the basis of statistical
testing which one to retain, is often prevented by identification problems. The choice is made the
more difficult for the discrete time analyst, as it is evident that estimating both without constraints
in a model with both identified, would give results that are highly dependent on the time interval
�t. In general, the larger the distance �t of lagged value xt−�t from the current xt, the higher
the instantaneous coefficients become at the expense of the lagged coefficients. Distinguishing
the causally-dynamically relevant interval Æt from the observation interval �t and realizing that
typically the former is somewhere between 0 and �t, most analysts feel that A0 and A` should
both be taken into consideration somehow. The problem is how to connect and constrain the
elements inA0 and A` to find the true underlying coefficients inA.
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The problems described are easily solved, when the true Æt is identified with the infinitesimal
dt of continuous time. From Equation (15) (structural form) Equation (14) (reduced form) turns
out to be

xt = [(I−A0)
−1
A`]xt−�t + �+ [(I−A0)

−1
B`]ut−�t +wt−�t (16)

and, assuming the input to be constant over the observation interval in Equation (8), one derives
the EDM parameter matrices A� and B� to be:

A� = (I−A0)
−1
A` = e

A�t
;

B� = (I−A0)
−1
B` = A

−1(eA�t − I)B :

(17)

This shows that there are clear, though highly nonlinear, relationships between the coefficients
in reduced form matrices A�;B� as well as structural form matrices A0;A`;B` on the one
hand, and those in the underlying continuous time matrices A;B on the other hand. From this
standpoint also, there is no need to put the constraints explicitly on the structural form, in view
of the possibility to put them directly and exactly on the reduced form by means of the EDM.

A reason to use nevertheless the structural form model is provided and explained by Bergstrom
(1984, pp. 1172-1173). He shows that the following simple linear constraints,

A0 = 1
2
~A�t ;

A` = I+
1
2
~A�t ;

B` = ~B�t ;

(18)

on the structural form matrices lead to reasonable “trapezoid” approximations ~A and ~B (method
III in Gard, 1988, p. 192) of A and B. These compare favorably with the extremely rough

“rectangle” approximations ~~A and ~~B inA� = I+ ~~A�t andB� = ~~B�t. This can easily be seen
by putting both the exact nonlinear matrix exponential form of A� and the approximate linear
constraint forms in power series expansion:

A� = e
A�t

= I+A�t+ 1
2
A

2�t
2 + 1

6
A

3�t
3 + 1

24
A

4�t
4 + : : : (exact)

A� = (I− 1
2
~A�t )−1(I+ 1

2
~A�t )

= I+ ~A�t + 1
2
~A2�t

2 + 1
4
~A3�t

3 + 1
8
~A4�t

4 + : : : (trapezoid)

A� = I+ ~~A�t (rectangle) :

(19)

While the rectangle approximation truncates the exact series, the weights in the trapezoid ap-
proximation are seen to go down only less quickly than in the exact series. In the approximation
of the homogeneous part dx(t)

dt
= Ax(t) of the differential equation the rectangle approximation

uses only the value at the starting point of the interval: �xt

�t
= ~~Axt−�t or xt = (I+ ~~A�t)xt−�t,

while the trapezoid approximation averages the values at the starting and end point of the interval:
�xt

�t
= ~A(xt + xt−�t)=2 or xt = A0xt +A`xt−�t (see A0 and A` in Equation (18)).
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The structural model in Equation (15) with the linear constraints given in Equation (18) will
be called Approximate Discrete Model (ADM). Although SEM programs like Mx do not en-
counter any difficulty in implementing the exact nonlinear constraints of the EDM, in the less
nonlinearly oriented SEM programs the ADM might be useful. The simple linear constraints
in Equation (18) are easily implemented by specifying the corresponding off-diagonal elements
in instantaneous A0 and lagged A` to be equal, and each diagonal element in A` to be 1 plus
the corresponding diagonal element in A0. Multiplying estimated A0 by 2

�t
yields estimated

(approximate) A, multiplying estimated B` by 1
�t

yields estimated (approximate) B (see Equa-
tion (18)). Interestingly, this is one of the few cases in SEM that the self-loop coefficients in the
endogenous structural form matrix are estimated instead of specified to be identically zero. For
this reason, the ADM can be expected to yield much better approximations of continuous time
matrices A and B than the cross-sectional ACM in the previous section, where the 0 self-loop
coefficients forced the diagonals of A to be −1.

The Cross-Lagged Panel Design Reconsidered in Continuous
Time

Apart perhaps from some special cases like true automata, real life processes typically evolve in
continuous time and are not restricted to the discrete observation time points the researcher hap-
pens to choose. Therefore, in most cases, discrete time models applied to real life processes are
used as approximations or should be considered as such. This need not be a problem, as long as
the discrete time interval �t approximating the infinitesimal dt is small. However, in behavioral
science with, for example, Verbal Ability and Quantitative Ability influencing themselves and
each other continuously over the school year but with measurements taken not more often than
one or two times a year, �t is typically taken quite large. As a result discrete time modeling
becomes a simplification and in many cases a distortion of reality.

This is made clear in the path diagrams of the cross-lagged panel design in Figure 1. The
simplification of a true discrete time model consists in the assumption that the arrows jump from
one point in time to the next one and that between measurements nothing exists or can happen.
Instead, however, the estimated cross-lagged coefficients over the observation interval �t are
complicated mixtures of the continuous time cross- and auto-effects in a constant interchange
over and heavily dependent on the length of the observation interval �t chosen. It is clear,
for example, that the cross-lagged coefficient for the effect of Verbal Ability on Quantitative
Ability is in fact also dependent on the auto-effect of Quantitative Ability with a larger auto-effect
resulting in a larger estimated cross-lagged coefficient, while additionally, over the larger time
interval �t = 1:25 in diagram B, the result will be more heavily dependent on the auto-effect
than over the shorter interval �t = 0:75. Continuous time modeling is necessary to disentangle
the continuous time cross- and auto-effects from the discrete time mixtures.

It is a paradoxical consequence of discrete time modeling that different researchers, studying
the same causal effect but with different discrete time distances, are unable to even compare
the strength of the causal effects they found. Continuous time modeling is needed to provide
the common base for an accurate comparison of differently spaced models of the same real life
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Quantitative Ability

Verbal Ability
A

0.40| {z }
�t = 1

0.60| {z }
�t = 1

Quantitative Ability

Verbal Ability
B

0.60| {z }
�t = 0:75

0.50| {z }
�t = 1:25

Figure 1: Two cross-lagged panel designs with different spacings of the measurement time points
and different values of the autoregression coefficients in the ability variables

process. This also is exemplified in Figure 1. Supposing the other effects in the model to be equal
over the two successive intervals in diagram A, one would not need continuous time modeling
to conclude on the basis of the autoregressions (0:40 and 0:60) that the auto-effect over the first
interval is smaller than over the second interval. In diagram B, however, because it is known that
autoregressions depend on the time interval (in general, the smaller the interval, the larger the
autoregression, reaching 1 for �t = 0), it cannot be decided on the basis of the respective discrete
time models in the two different time units, which one implies a bigger auto-effect: 0:60 over
interval �t = 0:75 or 0:50 over interval �t = 1:25. Using the matrix exponential A� = e

A�t

and for convenience assuming the cross-effects to be zero, it is easily calculated that the higher
autoregression value of 0:60 over �t = 0:75 in A� implies a lower auto-effect in drift matrix A
than the autoregression of 0:50 over �t = 1:25, respectively −0:68 and −0:55 in A. It should
be noted that the exponential function is such that discrete time autoregression values ranging
from 1 to 0 correspond to continuous time drift coefficients from 0 to −∞. Using the matrix
exponential in two directions to transform 0:60 and 0:50 to the same time interval �t = 1:00
would lead to autoregression values of 0:51 and 0:57, again indicating that 0:60 over �t = 0:75
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x1 x2 x3 x1 x2 x3

pair I
x1

x2

x3

2
4 0:50 0:30 0:21

0:20 0:40 0:20
0:20 0:20 0:30

3
5

2
4 −0:93 0:68 0:43

0:39 −1:22 0:59
0:50 0:50 −1:52

3
5

pair II
x1

x2

x3

2
4 0:50 0:30 0:21

0:10 0:40 0:20
0:40 0:20 0:30

3
5

2
4 −0:94 0:69 0:43

−0:11 −1:02 0:70
1:30 0:19 −1:70

3
5

A� A

Table 1: Two pairs of a discrete time autoregression matrix A� and corresponding continuous
time drift matrix A

represents in fact a smaller auto-effect than 0:50 over �t = 1:25.
Not less paradoxical differences between the discrete time models studied in behavioral sci-

ence on the one hand and the underlying continuous time models on the other hand can be ob-
served in Table 1. On the basis of simple simulated autoregression matrices A� (both typical in
the sense of having higher diagonal than nondiagonal elements), it is shown that the conclusions
drawn with respect to the cross-lagged coefficients in A� may differ quite fundamentally from
those drawn on the basis of the corresponding cross-effects in drift matricesA. In addition to the
autoregression matricesA� also the corresponding drift matricesA, determined according to the
exponential form A� = e

A with time interval �t = 1, are shown.

- Equal discrete time coefficients may become different in continuous time.

For example, the two reciprocal cross-lagged coefficients with value 0:20 in the first autoregres-
sion matrix, which could lead to the conclusion that the strength of the causal effects between
the variables x2 and x3 is equal in opposite directions, are different in continuous time: 0:59 and
0:50.

- The order of magnitude of coefficients may reverse going from discrete to continuous time.

For example, in the first autoregression matrix, the discrete time effect from x3 on x1 is greater
than in the opposite direction from x1 on x3: 0:21 versus 0:20. However, in the corresponding
drift matrix it is the other way around: 0:43 for the first effect and 0:50 for the second effect.

- Discrete time nonzero coefficients may vanish or even change sign in continuous time.

An example is shown by pair II. The positive effect from x1 on x3 of 0:10 in discrete time gets
the negative value of −0:11 in continuous time.

All these paradoxical differences in causal inference on the basis of corresponding discrete
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time and continuous time effects are easily explained. In contrast to the continuous time cross-
effects, the discrete time cross-lagged coefficients are more or less complicated mixtures of con-
tinuous time cross-effects and auto-effects. A variable with a high auto-effect, meaning that there
is a strong tendency to keep its value over time, tends also to retain the influence from other vari-
ables over a longer time interval than a variable with a low auto-effect. So, even a relatively small
continuous time cross-effect can result in a relatively high cross-lagged effect in discrete time,
if the variable influenced has a high auto-effect. But the converse can be true too: a relatively
strong continuous time cross-effect nevertheless corresponding to little impact over a discrete
time interval because of a quite low auto-effect in the dependent variable.

All this clearly depends on the time interval. Therefore, statements about direction and
strength of a causal effect in discrete time are meaningless without indicating the exact time
interval �t the statement refers to. This is the clear message of Figures 2 and 3, where for sev-
eral of the cross-lagged coefficients in Table 1 not only the value at �t = 1 but the development
over the whole period from �t = 0 until �t = 2 years according to exponential formA� = e

A�t

is given. Figures 2 and 3 give the continuous time impulse-response, that is the effects of an iso-
lated unit-impulse in a single independent variable over continuously increasing time intervals
on the dependent variable.

The implication of Figure 2 is that the conclusion about the relative strength of the recipro-
cal causal effects between x3 and x1 (pair I of Table 1) on the basis of the discrete time model
depends on the time interval chosen in the model. Researchers choosing the discrete time in-
terval �t between 0 and 0:66 year will come to the conclusion that x1 has a larger effect on x3

(maximum difference reached at �t = 0:27), while researchers choosing �t > 0:66 come to
the opposite conclusion (maximum difference reached at �t = 2:74). The cross-lagged coeffi-

0.5 1.0 1.5 2.0
Time Interval

0.050

0.100

0.150

0.200

0.250
Coefficient Value

Figure 2: Cross-lagged coefficients a�; 31 (solid line) and a�; 13 (dotted line) in autoregression
matrix A� of pair I in Table 1 for corresponding continuous time coefficients a31 = 0:50 and
a13 = 0:43 in A as functions of the time interval �t ∈ [0; 2]
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0.5 1.0 1.5 2.0 2.5 3.0
Time Interval

0.050

0.100

0.150

0.200
Coefficient Value

Figure 3: Cross-lagged coefficient a�; 21 in autoregression matrix A� of pair II in Table 1 for
corresponding continuous time coefficient a21 = −0:11 in A as a function of the time interval
�t ∈ [0; 2]

cients, by definition having value 0 over �t = 0, will first once or repeatedly go up or down but
eventually go to 0 for this and other asymptotically stable models (all eigenvalues of A strictly
negative). Such stable models also imply a maximum value for the cross-lagged effect to be
reached after some finite time interval �t. This time interval is different for different variables
and different models. For a�; 31 the maximum values of 0:208 is reached at �t = 1:42, for a�; 13

it is 0:230, reached at �t = 1:70.
Figure 3 describes the discrete time effect from x1 on x2 (pair II of Table 1) in models with

different �t. Its clear implication is that even the sign of the cross-lagged coefficient need not be
the same as the one of the true underlying continuous time effect. Although the true underlying
continuous time effect is negative, only researchers using discrete time models with �t from
0 until 0:25 year will conclude to a negative effect. For all other time intervals �t > 0:25
the interplay between auto-effects and cross-effects leads to a positive effect in discrete time and
would therefore lead to an erroneous conclusion about the sign of the true underlying cross-effect
in continuous time. Because also the model in pair II is asymptotically stable, there is a minimum
and maximum value for the cross-lagged coefficient (−0:006 and 0:176), reached by researchers
using observation interval �t = 0:11 and �t = 2:51 years, respectively. Figure 3 clearly gives
valuable information in addition to the continuous time coefficients. The interplay of the three
variables is apparently such that the long term effect of x1 on x2 may not be interpreted as a
negative one, in spite of an undisputable negative direct effect of x1 on x2 and obviously due
indirectly to the positive intervening role of x3 which eventually is dominating.
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Continuous Time Modeling of the Cross-Lagged Panel Design:
An Example

We will now give analysis results of a cross-lagged panel design where the dynamic differential
model parameters were estimated in different ways by means of SEM programs Mx and LISREL.
The data were taken from a more comprehensive study of school achievement in the Netherlands,
conducted with several cohorts over the period 1991-1997 (Aarnoutse, van Leeuwe, Voeten, van
Kan, & Oud, 1996). The data consisted of two decoding tests (One-Minute-Test Form A and
B) and different pairs out of five reading comprehension tests (Cito Reading Comprehension
Tests 2, M3 and M4, Aarnoutse Reading Comprehension Tests 4 and 5) administered at four
time points to 638 Dutch primary school pupils during first and second grade. Pairs of tests were
used to construct latent variables corrected for measurement error in the observed variables. The
purpose was to examine in continuous time the question that has occupied reading investigators
for a long time in discrete time: whether and how strongly latent Decoding Skill influences
latent Reading Comprehension, latent Reading Comprehension influences latent Decoding Skill,
or both latent variables influence each other reciprocally.

Model specification

While different models were specified, all had the same measurement equation part, which will
be addressed first:

yti = Ctixti + dti + vti with cov(vti) = Rti : (20)

The parameter matrices for successive observation time points t0; t1; t2; t3 are shown in Table 2.
By fixing the factor loading � of the One-Minute-Test Form A at value 1 and its measurement
origin � at value 0 (in the first row ofCt0 and dt0 in Table 2) we equalled the variance and mean
of the latent Decoding Skill (DS) variable at the initial time point t0 to the true variance (total
variance minus measurement error variance) and mean of the One-Minute-Test Form A at that
time point. In the same manner, the true variance and mean of Cito Reading Comprehension
Test 2 defined the variance and mean of the latent Reading Comprehension (RC) variable at
t0. Connecting the latent scales in this way to familiar test scales made the former more easily
interpretable by teachers.

For DS we used the same pair of tests (One-Minute-Test Form A and B) at all four time points.
By constraining the �s and �s of each of both decoding speed tests to be equal over the whole
time period, the measurement unit and origin of the latent DS-variable also were kept constant
and latent DS-growth became meaningfully interpretable. Because no reading comprehension
tests were available that could be used over the entire time period, for RC we had to proceed
differently to guarantee constant latent measurement characteristics. Here a pattern was chosen
with pair of tests A and B at time point t0 followed by pair of tests B and C at t1, C and D at t2 and
finally D and E at t3. So, going from one time point to the next, one test was always used twice
and by constraining its �s and �s to be equal, indirectly the latent measurement unit and origin
also were kept constant over successive pairs of time points. The pairs of tests at successive time
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Measurement equation

Ct0 =

2
664

1 0
�1 0
0 1
0 �2

3
775 dt0 =

2
664

0
�1

0
�2

3
775 Rt0 =

2
664

�1

0 �2

0 0 �3

0 0 0 �4

3
775

Ct1 =

2
664

1 0
�1 0
0 �3

0 �2

3
775 dt1 =

2
664

0
�1

�3

�2

3
775 Rt1 =

2
664

�1

0 �2

0 0 �5

0 0 0 �4

3
775

Ct2 =

2
664

1 0
�1 0
0 �3

0 �4

3
775 dt2 =

2
664

0
�1

�3

�4

3
775 Rt2 =

2
664

�1

0 �2

0 0 �5

0 0 0 �6

3
775

Ct3 =

2
664

1 0
�1 0
0 �5

0 �4

3
775 dt3 =

2
664

0
�1

�5

�4

3
775 Rt3 =

2
664

�1

0 �2

0 0 �7

0 0 0 �6

3
775

State equation

A� =

�
a�11 a�12

a�21 a�22

�
b� =

�
b�1

b�2

�
Q� =

�
q�11

q�21 q�22

�

�t0
=

2
664

E(x1;t0)
E(x2;t0)

0
0

3
775 �t0 =

2
664

�x1;t0

�x2;t0 ;x1;t0
�x2;t0

��1;x1;t0
��1;x2;t0

��1

��2;x1;t0
��2;x2;t0

��2;�1 ��2

3
775

Table 2: Free and fixed elements in the discrete time parameter matrices of the EDM

points turned out to be pairwise congeneric in the sense of Jöreskog (1974, pp. 5-12). Although
therefore measuring one and the same latent variable, their measurement unit and origin did not
need to be equal. The measurement unit and origin of each newly introduced test (�3 and �3 at
t1, �4 and �4 at t2, �5 and �5 at t3) could be estimated, however, and so did not distort the latent
measurement characteristics chosen at the initial time point. It should be noted finally, that the
measurement variances � of each same test were constrained to be equal across time, resulting
in 7 �s to be estimated. Together with the 5 nonfixed �s and the 5 nonfixed �s there were 17
measurement parameters to be estimated.
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The parameter matrices of the discrete time state equation

xt = A�xt−�t + �+ b� +wt−�t with cov(wt−�t) = Q� (21)

are also shown in Table 2. As they contain 21 unknown parameters, the total number of pa-
rameters to be estimated is 38. There are 16 observed variables or 16 observed means and 136
(distinct) elements in the observed covariance matrix, resulting in 114 degrees of freedom for the
SEM model as a whole. The model contains the latent state variables DS and RC or x1 and x2

and corresponding constant trait variables �1 and �2, which because of the number of time points
being 4 leads to a total of 10 latent variables in the structural equation model. �t0

specifies the
initial latent means which by definition are 0 for the trait variables. Trait variables are constant
over time but vary over subjects to accommodate for deviations of subject specific developmental
curves from the mean curve. �t0 contains the trait variances and covariances (��), the initial
state variances and covariances (�xt0

) as well as the covariances between trait and initial states
(��;xt0

). While the constants in b� contribute to changes in mean development, both the process
error covariance matrixQ� and the trait covariance matrix�� feed the state covariance matrix.

The stochastic differential equation

dx(t)

dt
= Ax(t) + 
 + b+G

dW(t)

dt
; (22)

describes the development of the latent variables in continuous time, containing in particular con-
tinuously contributing traits 
 and constants b. The EDM relates the continuous time parameter
matrices in Equation (22) as follows to the discrete time parameter matrices in Table 2 (Oud &
Jansen, 2000):

A� = e
A�t

;

b� = A
−1[A� − I]b ;

Q� = irow[(A⊗ I+ I⊗A)−1(A� ⊗A� − I⊗ I) row(GG′)] ;

�� = A
−1[A� − I]�
 [A

′
�
− I]A′ −1

;

��;xt0
= A−1[A� − I]�
;xt0

: (23)

Here, ⊗ is the Kronecker product, “row” is the rowvec operation, putting the elements of a matrix
rowwise in a column vector, “irow” the inverse operation. Because the time intervals between
the measurements were approximately half a year, we started by fixing �t for the intervals t1 −
t0; t2 − t1; t3 − t2 at � = 0:50.

If, in addition to time-invariance for all parameters (as in Equation (22)) and equal observa-
tion intervals, the number of free discrete-time parameters in the EDM is equal to the number of
free continuous-time parameters and a one-to-one relationship exists between the values in the
discrete-time and continuous-time parameter space, estimating the EDM by means of the indi-
rect method gives exactly the same results as the direct method. The indirect method consists of
first estimating the discrete time parameters in Equation (21) by means of an SEM program as,
for example, LISREL and next applying Equation (23) on the estimates to derive the continuous
time parameter estimates. The direct method (applying the nonlinear restrictions in Equation (23)
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during estimation by means of an SEM program as, e.g., Mx), however, is much more general.
Except for the basic EDM, the direct method is indeed applicable and will be applied in the se-
quel for a model with unequal intervals (different �s leading to a different set of discrete time
parameters for each �) and also for two models with, additionally, the growth constants in b
replaced by linearly and quadratically time-varying parameters.

Results for EDM, ADM, and ACM: indirect method and approximate models

In the first column of Table 3, estimation results for the basic EDM are given. As expected in
view of the equivalence in this case, the indirect method by means of LISREL gave exactly the
same results as the direct method by means of Mx. With regard to the four coefficients in drift
matrix A, an important difference in interpretability should be noted between the auto-effects
a11 (DS) and a22 (RC) on the one hand and the cross-effects a12 (effect from RC to DS) and a21

(effect from DS to RC) on the other hand. The auto-effects are scale free in the sense that they do
not change under arbitrary linear transformations of DS and RC and so are directly interpretable.
In particular, both DS and RC show negative feedback (−1:381 and −1:564), implying stability
or a rather strong tendency to converge to the subject specific mean trajectories E[x(t)|
].

Although their products a12a21 and a21a12 are scale free, the cross-effects themselves are
not and therefore need first standardization to become comparable. The coefficients a12 and a21

shown in Table 3 have been standardized through multiplication by the ratios of the initial stan-
dard deviations:

p
�x2;t0

=
p
�x1;t0

and
p
�x1;t0

=
p
�x2;t0

, respectively. The standardized values
of 0:735 and 0:690 seem to reveal the existence of a reciprocal effect between DS and RC with
the effect from RC to DS (p < :001) at least as strong as in the opposite direction from DS to RC
(p < :01) and with the likelihood ratio test of equality (a12 − a21 = 0) not leading to rejection
(p > :05).

In addition to the basic EDM, for comparison, corresponding approximate models ADM and
ACM were estimated by means of LISREL too. The specification of the discrete time param-
eters in terms of LISREL is the same in the three models except for those related to A. All
three are identified, and because the number of free parameters in the approximate models is the
same again as in the EDM with one-to-one correspondence between the values in the parameter
spaces, the three models are observationally equivalent and lead to exactly the same fit again.
While the advantage of the indirect method is that no additional constraints between discrete
and continuous time parameters during estimation are needed at all, in contrast to the EDM with
its highly nonlinear constraints the ADM needs only few simple extra linear constraints and the
ACM still simpler fixation constraints. While for the EDM the four coefficients in (reduced form)
autoregression matrixA� were specified andA as well as the other continuous time parameters
were derived according to Equation (23), in the ADM two (structural form) matricesA0 and A`

containing eight coefficients were specified. However, this was done under four constraints be-
tween the instantaneous coefficients inA0 and the lagged coefficients inA` (see Equation (18)),
leading to the same number of degrees of freedom for the LISREL model as a whole (df = 114
in Table 3) as in the EDM but to the simple approximation ~A = 2�−1

A0 ofA. Also the remain-
ing continuous time parameter approximations for the ADM in Table 3 are easily derived using
~b = �−1

b`;
~�
 = �−2

��;
~�
;xt0

= �−1
��;xt0

. ACM got the same specification and han-
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parameter EDM ADM ACM
a11 -1.381*** -1.290*** -1.000
a12 0.735*** 0.639*** 0.369***
a21 0.690** 0.600** 0.317**
a22 -1.564*** -1.450*** -1.000

b1 37.0*** 38.6*** 13.7
b2 36.2*** 34.8*** 22.2***

E(x1;t0) 32.0*** 32.0*** 32.0***
E(x2;t0) 21.6*** 21.6*** 21.6***

�x1;t0
191.3*** 191.3*** 191.3***

�x2;t0 ;x1;t0
57.0*** 57.0*** 57.0***

�x2;t0
36.4*** 36.4*** 36.4***

�
1 221.0*** 193.8*** 130.3***
�
2;
1 -44.4* -34.1* -36.2**
�
2 29.0*** 24.5** 16.9**

�
2 488.6 488.6 488.6

df 114 114 114
* p < :05
** p < :01
***p < :001

Table 3: Selected parameter estimates and model fit information for the basic EDM and corre-
sponding approximate models ADM and ACM

dling as ADM with again df = 114, except for the following modification. As a cross-sectional
simulation ACM simply used the instantaneous cross-coefficients in A0 as approximations of
the continuous time cross-coefficients inA, without constraints betweenA0 andA`, specifically
with the lagged cross-coefficients in A` fixed at 0, the diagonals of A0 at 0 and correspondingly
those of A at −1 (see Equation (13) where A0 is called A∗) .

Comparing the approximate models ADM and ACM with the exact model EDM learns that
the estimates of the initial parameters in �t0

and �t0 are exactly the same as in the EDM, while
other parameters, with few exceptions, result in less pronounced estimates (lower or less nega-
tive) than in the EDM. Also, as expected, ADM approximates the estimates in the EDM closer
than ACM, the latter clearly suffering a lot from the diagonal feedback coefficients in A forced
to be −1.
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Results for EDM0, EDM1, and best fitting EDM2: direct method

The poor fit of all three models in Table 3 (�2 = 488:6 for only df = 114) motivated the
examination of the more complicated models in Table 4, estimable only by means of the direct
method with a nonlinear constraint SEM program like the program Mx used in this study. EDM0,
apart from giving the observation intervals the slightly differing true values (t1 − t0 = 0:50; t2 −
t1 = 0:45; t3 − t2 = 0:55) being equal to the basic EDM in Table 3, led to an impressive
improvement in fit (�2 = 391:3 for the same df = 114) but nonetheless to almost the same
parameter estimates. Also, likelihood ratio testing of the coefficients a12 and a21 proved their
estimates to be significant again at the levels :001 and :01. Because a systematic lack of fit
was observed in the observed means for the basic EDM and EDM0 (the fitted means being too
low at t1 and too high at t2), we tried to obtain further improvements by the models EDM1
and EDM2, having b in Equation (22) replaced by linearly and quadratically time-varying bt =
b0 + b1(t− t0) and bt = b0 + b1(t− t0) + b2(t− t0)

2, respectively.
Compared with EDM0, most conspicuous differences of the best fitting model EDM2 (�2 =

274:5 for df = 110 and therefore an impressive improvement again over EDM0) were, besides
a lower value of −2:418 for a22 and thus a more stable development of RC, a somewhat higher
effect from RC to DS (a12 = 0:795; p < :001) and lower effect in the opposite direction from DS
to RC (a21 = 0:418; p = :12). Unfortunately the results for a21 were rather ambiguous, because
simultaneously the estimated a21 was not significantly different from 0 (p = :12 for �2 = 2:4
with df = 1) and the likelihood ratio test of a12 − a21 = 0 did not reach significance (p = :24
for �2 = 1:4 with df = 1). We conclude that the study confirmed a clear effect from RC to DS
and did not disconfirm the strength of the effect in the opposite direction from DS to RC to be
similar, although its estimate was considerably lower.

With regard to the dynamic properties of the best fitting model EDM2 it is important to
note that both latent state variables show again negative feedback. This implies stability or a
rather strong tendency for the state to converge to the subject specific mean trajectory E[x(t)|
].
This latter curve is easily derived from Equation (8) and should be distinguished clearly from
the overall mean trajectory E[x(t)] as well as from the Kalman smoother E[x(t)|y] or optimal
estimate of the subject’s sample trajectory. An example of all three curves for DS is shown in
Figure 4, where for 
 a subject’s estimate of −11:46 was taken and for the model parameters the
estimates of EDM2 in Table 4. In a stable model deviations of a subject’s sample trajectory from
the subject specific mean trajectory are expected to go to zero and the more rapidly, the more
negative the feedback. While in space technology it is of utmost importance to be able to know
and control just the sample trajectory, in education the subject specific mean trajectory is perhaps
as important as its sample trajectory.

A big advantage of the state-trait model is that it distinguishes trait variance (unobserved
heterogeneity between subjects) clearly from stability. Because in a pure state model (
 = 0)
all subject specific mean trajectories coincide with the overall mean trajectory, trait variance and
stability are confounded in the sense that an actually nonzero trait variance would spuriously
lead to a less stable model. The bigger the actual trait variance, the less negative the feedback
coefficients become in a pure state model in order to keep the sample trajectories at their subject
specific distances from the overall mean. In a state-trait model trait variance and stability are
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parameter EDM0 EDM1 EDM2
a11 -1.376 -1.787 -1.468
a12 0.702 0.503 0.795
a21 0.621 0.133 0.418
a22 -1.626 -2.872 -2.418

b01 39.3 83.7 43.7
b02 39.3 75.5 66.5
b11 10.9 -26.3
b12 10.8 -15.2
b21 18.9
b22 12.8

E(x1;t0) 32.0 32.0 32.0
E(x2;t0) 21.6 21.6 21.6

�x1;t0
191.4 192.2 191.6

�x2;t0 ;x1;t0
57.0 57.3 57.3

�x2;t0
36.4 36.6 36.6

�
1 225.9 440.9 257.8
�
2;
1 -35.9 77.0 -9.0
�
2 29.0 125.2 71.8

�
2 391.3 351.4 274.5

df 114 112 110

Table 4: Selected parameter estimates and model fit information for EDM0, having unequal
observation intervals, and EDM1 and EDM2 having, in addition, linearly and quadratically in-
creasing mean growth parameters

unrelated in this way. For example, Table 4 shows that RC behaves more stable than DS (the
estimated values of a22 is more negative than of a11) but at the same time the RC trait variance
relative to its state variance (�
2=�x2;t0

= 1:96) is greater than for DS (�
1=�x1;t0
= 1:35).

For the interpretation of parameter values it is important to note that some are and some are
not dependent on the choice of the time scale. For example, multiplying time by factor c does not
influence the state variances �x1;t , �x2;t , but it multiplies a11, a22 by 1=c and the trait variances
�
1 ; �
2 by 1=c2. For this reason it would not make sense to compare trait variances for different
time scales or trait variances with state variances, although it makes sense to compare ratios of
trait and state variance for the same time scale.
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Figure 4: Mean trajectory E[x(t)], subject specific mean trajectory E[x(t)|
], and Kalman
smoother E[x(t)|y]

Conclusions
The educational research example discussed illustrates and confirms the main arguments made
earlier in the article. Especially, the reciprocal influence between Decoding Skill and Reading
Comprehension typically is a process that unfolds in continuous time and needs continuous time
modeling. Accounting for the true small differences in continuous time intervals between the
measurement time points turned out to lead to a dramatic improvement in model fit without any
additional loss of degrees of freedom (cfr. the basic EDM in Table 3 and the EDM0 in Table 4).

The usefulness of the indirect method in stochastic differential equation model estimation
has been criticized in the literature, especially by Singer (1990, 1992, 1998, 1999). Although
for a special class of models the indirect and direct method give the same result (e.g. for the
basic EDM in Table 3), the direct method is much more generally applicable and should there-
fore be preferred. Examples of simple models not accessible for the indirect method are the
EDM0, EDM1 and EDM2 displayed in Table 4. The indirect method also necessarily fails, when
input variables, instead of by step functions, are described or approximated by piecewise lin-
ear functions between measurements or by more complicated higher-order polynomial functions
(Singer, 1992). Not surprisingly, linear and higher-order polynomial input functions have almost
the same effect on the EDM as linearly and higher-order polynomially time-varying parameters
in input-effects matrix B(t) (Oud & Jansen, 2000). In all these and many more cases the direct
method is the only feasible one and applicable also by means of SEM as explained in Oud and
Jansen (2000).

The reason for using the approximate models ADM and ACM is, apart from the lack of
longitudinal data in the case of ACM, the possibility to use simple linear constraints in estimating
the stochastic differential equation model. In this respect, however, the ADM and the ACM suffer
from the same limitations as the EDM estimated by the indirect method, which in the first step
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also avoids nonlinear constraints. An extra drawback of the ADM and ACM is the approximate
character, which for the ACM in the example led to quite unacceptable results in comparison to
the exact results of the EDM.
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