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Chapter 1

In tro duction

1.1 F unction theory

In this section I recollect some theorems from m ulti-v ariable function theory

that are used in this pap er. They are all quite elemen tary and omitted pro ofs

can b e found in [G].

De�nition 1.1 A subset U � C

n

is c al le d a domain if it is op en and c onne cte d.

Theorem 1.1 (Op en mapping theorem) L et U � C

n

b e a domain and

F : U ! C

a non-c onstant holomorphic function, then F is an op en mapping.

Theorem 1.2 (Maxim um principle) L et ( � ; � ) denote the standar d hermi-

tian form on C

m

, and let U � C

n

b e a domain. If a holomorphic mapping

F : U ! C

m

is such that the (r e al value d) function

z 7! ( F ( z ) ; F ( z ))

attains a maximum on U , then F is a c onstant mapping.

Pro of: Supp ose that ( F ( z

o

) ; F ( z

o

)) = M is maximal for some z

o

2 U . De�ne

a holomorphic function ' on U b y:

' ( z ) = ( F ( z ) ; F ( z

o

))
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Then the Sc h w arz inequalit y yields

j ' ( z ) j

2

� ( F ( z ) ; F ( z )) � M � M

2

No w b ecause ' ( z

o

) = M , the op en mapping theorem implies that ' is constan t

on U . Again b y Sc h w arz, w e conclude that F maps in to the circle �

1

� F ( z

o

),

where �

1

is the unit circle in C . By the op en mapping theorem it follo ws that

F has to b e a constan t. 2

De�nition 1.2 De�ne

� = f z 2 C j j z j < 1 g

�

�

= � nf 0 g

and for k � m :

�

m;k

= f ( z

1

; : : : ; z

m

) 2 �

m

j z

j

6= 0 for some j � k g

Theorem 1.3 (Hartog's theorem) L et m; k b e two inte gers, m � k � 2 , and

F : �

m;k

! C

a holomorphic function. Then F extends to a holomorphic function on �

m

.

Theorem 1.4 (Riemann extension theorem) L et m � 1 b e an inte ger and

F : �

m; 1

! C

a holomorphic function such that for any w 2 �

m � 1

the function

z 7! F ( z ; w )

extends holomorphic al ly to � . Then F extends holomorphic al ly to �

m

.

Theorem 1.5 (Isomorphism theorem) L et m; k b e two inte gers, m � k �

2 . If a holomorphic mapping

F : �

m;k

! C

m

is lo c al ly biholomorphic, then F extends to a lo c al ly biholomorphic mapping on

�

m

.

Pro of: By Hartog's theorem, F extends holomorphically to �

m

. The function

j = det

�

@ F

i

@ z

j

�

is holomorphic on �

m

and non-v anishing on �

m;k

. Hence 1 =j is holomorphic

on �

m

. In particular, j is non-v anishing throughout �

m

. This implies that F

is lo cally biholomorphic. 2
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De�nition 1.3 If X is a top olo gic al sp ac e and x 2 X we denote its fundamental

gr oup with b ase p oint x by �

1

( X ; x ) . If g

1

and g

2

ar e the homotopy classes of

lo ops 


1

and 


2

r esp e ctively then g

1

g

2

is the homotopy class of the c onc atenation




1

� 


2

obtaine d by p assing along 


1

and 


2

in this or der.

De�nition 1.4 L et X and Y b e c onne cte d c omplex manifolds. A surje ctive

holomorphic map � : X ! Y is c al le d a co v ering map if every p oint y 2 Y has

a neighb orho o d U such that the r estriction of � to any c onne cte d c omp onent of

�

� 1

( U ) is a biholomorphic map onto U .

L et � : X ! Y b e a c overing map. The set of al l biholomorphic mappings g

of X onto itself satisfying � � g = g e quip e d with the pr o duct ( g

1

; g

2

) 7! g

1

� g

2

is

c al le d the automorphism group of the c overing and is denote d by A ut ( X j Y ) .

The c ar dinality of any �br e of � is c al le d the degree of the c overing (this do es

not dep end on the chosen �br e).

A c overing is c al le d Galois if its automorphism gr oup acts tr ansitively on e ach

�br e.

If X is simply c onne cte d then it is c al le d a universal c overing of Y .

Theorem 1.6 Supp ose � : X ! Y is a universal c overing map and y 2 Y .

The gr oups �

1

( Y ; y ) and A ut ( X j Y ) ar e c anonic al ly isomorphic.

If � : X ! Y is a univ ersal co v ering and g 2 � ( Y ; y ) w e write x 7! g x for the

corresp onding co v ering automorphism.

De�nition 1.5 L et Y b e an analytic variety (se e [G]) and D � Y b e a subva-

riety such that Y n D is a c omplex manifold (i.e. is smo oth). L et � : X ! Y n D

b e a Galois c overing and take y 2 Y . If U is a c onne cte d neighb orho o d of y such

that U n D is c onne cte d then let d ( � ; U ) b e the de gr e e of the r estriction of � to

any c onne cte d c omp onent of �

� 1

( U ) . The lo cal degree of � at y is the minimum

of d ( � ; U ) taken over al l neighb orho o ds U as b efor e.

De�nition 1.6 L et X and Y b e c onne cte d analytic manifolds. A surje ctive

holomorphic map � : X ! Y is c al le d a rami�ed co v ering if it satis�es the

fol lowing two c onditions.

1. Every y 2 Y has a neighb orho o d U such that the r estriction of � to any

c onne cte d c omp onent of �

� 1

( U ) is a �nite br anche d c overing of U in the

sense of [G].

2. If x

1

and x

2

ar e elements in X such that � ( x

1

) = � ( x

2

) then ther e is a

biholomorphic mapping g of X onto X such that � � g = � and g ( x

1

) = x

2

.
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The gr oup of al l biholomorphic mappings g of X onto X such that � � g = � is

c al le d the automorphism group of the c overing and is denote d as A ut ( X j Y ) .

L et � : X ! Y b e a r ami�e d c overing. The maximal c ar dinality of a �br e of �

is c al le d the degree of the c overing. If y 2 Y and U is a neighb orho o d of y then

let d ( � ; U ) b e the de gr e e of � r estricte d to any c onne cte d c omp onent of �

� 1

( U ) .

The lo cal degree of � at y is the minimum of al l de gr e es d ( � ; U ) taken over al l

neighb orho o d s U of y .

1.2 The symmetric group

Some notions and tec hniques used in this thesis will b e in tro duced for the exam-

ple of the ro ot system of t yp e A

n

. This has the adv an tage that the asso ciated

re
ection group is the symmetric group S

n +1

. The structure of this group and

its p olynomial in v arian ts will b e familiar to the reader. Nev ertheless, ev en for

this case one can pro v e non-trivial results. Studying the symmetric group leads

to an in trinsic pro of of a theorem b y Orlik and Solomon [OS] on the in v arian ts of

Shephard groups related to S

n +1

and a result of Co xeter [C] on presen tations of

suc h groups. The pro ofs in [OS] and [C] are based on a case b y case v eri�cation

using a computer.

Consider the symmetric group S

n +1

for some n � 1. It has a natural represen-

tation � on C

n +1

. If e

1

; : : : ; e

n +1

is the canonical basis of C

n +1

and � 2 S

n +1

then � ( � ) e

j

= e

� ( j )

.

Let z

1

; : : : ; z

n +1

denote the canonical linear co ordinates on C

n +1

. It is w ell

kno wn that the algebra P [ C

n +1

]

S

n +1

of symmetric p olynomials on C

n +1

is gen-

erated b y the elemen tary symmetric p olynomials s

1

; : : : ; s

n +1

. These are de�ned

b y

n +1

Y

j =1

( X � z

j

) = X

n +1

� s

1

X

n

+ : : : + ( � 1)

n +1

s

n +1

in particular s

1

= z

1

+ : : : + z

n +1

and s

j

is homogeneous of degree j . The

restriction of � to the n -dimensional subspace V giv en b y s

1

= 0 is irreducible. In

the rest of this in tro duction w e use this restriction. The square of the p olynomial

� on V giv en b y

� =

Y

1 � i<j � n +1

( z

i

� z

j

)

is clearly symmetric. Hence �

2

= D ( s

2

; : : : ; s

n +1

) for some p olynomial D 2

C [ x

1

; : : : ; x

n

] in the indeterminates x

1

; : : : ; x

n

. This D is called the discriminant

of S

n +1

. Note that � v anishes at z 2 V if and only if z

i

= z

j

at z for some i 6= j ,

i.e. if and only if z is �xed b y � ( i j ). The complemen t of the v anishing lo cus of �

is called V

r eg

, a p oin t in this complemen t is called r e gular . Note that a p oin t is
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regular precisely if its S

n +1

-orbit con tains ( n + 1)! p oin ts. The v anishing lo cus

of D on C

n

is denoted b y � or �

n � 1

to indicate the dimension.

The set � has a natural strati�cation as follo ws. Let ( a

1

; : : : ; a

m

) b e a non-

decreasing sequence of in tegers suc h that a

1

> 1 and j a j := a

1

+ : : : + a

m

� n + 1.

Let �

( a

1

;::: ;a

m

)

denote the stratum of all p oin ts ( x

1

; : : : ; x

n

) 2 � suc h that the

p olynomial

X

n +1

+ x

1

X

n � 1

� : : : + ( � 1)

n +1

x

n

has exactly m m ultiple zero es with m ultiplicities a

1

; : : : ; a

m

resp ectiv ely . F or

example �

( n +1)

= f 0 g and �

(2)

is the \subregular" stratum of dimension n � 1.

If x 2 �

( a

1

;::: ;a

m

)

then there exists a co ordinate neigh b orho o d of x that is

isomorphic to a Cartesian pro duct of m + 1 factors of the follo wing kind: An

( n + m � j a j )-dimensional p olydisc and for eac h 1 � j � m the complemen t

of �

a

j

� 2

in an ( a

j

� 1)-dimensional p olydisc. W e will mak e use of this lo cal

structure later on in an inductiv e argumen t on the dimension n .

Using the elemen tary symmetric p olynomials as co ordinates w e get a map

S : V ! C

n

; S : z 7! ( s

2

( z ) ; : : : ; s

n +1

( z )) :

T o study the complemen t C

n

n � �x a base p oin t u = ( u

1

; : : : ; u

n +1

) 2 V suc h

that u

j

2 R for all j and u

1

< u

2

< : : : < u

n +1

. F or j = 1 ; : : : ; n de�ne a path




j

connecting u with � ( j j + 1) u as follo ws




j

( t ) = u +

1 � e

� i t

2

( � ( j j + 1) u � u ) ; t 2 [0 ; 1] :

Theorem 1.7 The fundamental gr oup G := �

1

( C

n

n � ; u ) is gener ate d by the

homotopy classes g

j

of the lo ops S � 


j

. Mor e over it has the fol lowing pr esenta-

tion

h g

1

; : : : ; g

n

j g

i

g

j

= g

j

g

i

; if 1 � i; j � n and j i � j j > 1

g

j

g

j +1

g

j

= g

j +1

g

j

g

j +1

; al l 1 � j < n i

Pro of: See [FN]. 2

The group G is isomorphic to the braid group of n + 1 strings as in tro duced b y

Artin [A1,A2]. F or an y in teger p � 2 w e denote the smallest normal subgroup of

G con taining all elemen ts g

p

j

b y �( p ). The quotien t G= �( p ) is called a trunc ate d

br aid gr oup . W e can no w pro v e an imp ortan t geometric prop ert y of the map S .

Theorem 1.8 The map S is a br anche d c overing map with br anch lo cus � .

The r estriction of S to V

r eg

is a Galois c overing of C

n

n � of lo c al de gr e e two

along �

(2)

. Mor e over it is universal with r esp e ct to this pr op erty.

Pro of: That S is a co v ering map with branc h lo cus � follo ws from the fact that

w e can reco v er z from ( s

2

( z ) ; : : : ; s

n +1

( z )) upto the S

n +1

-action. Moreo v er S

n +1

8



acts transitiv ely on the �bres. This also sho ws that the lo cal degree along �

(2)

is t w o. The univ ersal co v ering of C

n

n � has an automorphism group isomorphic

to G . No w it is w ell kno wn that S

n +1

�

=

G= �(2). This sho ws that the co v ering

S is univ ersal. 2

This nice theorem giv es rise to the follo wing question. F or whic h p � 3 is the

univ ersal Galois co v ering of C

n

n � of lo cal degree p along �

(2)

a �nite co v ering

and what is the structure of suc h a co v ering?

In this in tro duction w e will sk etc h a pro of of the follo wing result.

Theorem 1.9 Supp ose p � 3 is such that 1 � ( n + 1)(1 = 2 � 1 =p ) > 0 . Then

the trunc ate d br aid gr oup G= �( p ) has a faithful r epr esentation �

p

on an n -

dimensional c omplex ve ctor sp ac e E such that the image G ( p ) � End ( E ) is �nite

and gener ate d by c omplex r e
e ctions �

p

( g

j

) of or der p . Mor e over ther e ar e homo-

gene ous h

1

; : : : ; h

n

2 P [ E ] gener ating P [ E ]

G ( p )

such that ( h

1

; : : : ; h

n

) : E ! C

n

is a r ami�e d c overing with br anch lo cus � and of lo c al de gr e e p . A l l p ossibilities

ar e liste d in the fol lowing table:

n 1 2 3 4

p � 3 3 ; 4 ; 5 3 3

Pro of: The pro of is a com bination of linear algebra and complex analysis. The

idea is to construct a function of Nilsson class [D] of determination order n on

V

r eg

with some S

n +1

-in v ariance and homogeneit y prop erties. This induces a

m ultiv alued map ev : C

n

n � ! E for some complex v ector space E and the

represen tation �

p

b y analytic con tin uation. Then it is pro v ed that ev has a

single value d in v erse h on E whic h is p olynomial and �

p

-in v arian t, pro ving the

theorem.

The case n = 1 is trivial. Rami�ed co v erings of an y p ositiv e lo cal degree at

0 2 C are giv en b y the maps x 7! x

p

. Therefore w e assume that n is at least 2.

Let U � V

r eg

b e a simply connected neigh b orho o d of u that do es not in tersect

an y other of its S

n +1

-conjugates. T ak e k 2 [0 ; 1 = 2) and z = ( z

1

; : : : ; z

n +1

) 2 U

with real co ordinates. De�ne a holomorphic di�eren tial form � ( k ; z ) on the

extended upp er half plane

H

z

:= f s 2 C j Im ( s ) � 0 ; s 6= z

j

; j = 1 ; : : : ; n + 1 g

b y

� ( k ; z ) :=

n +1

Y

j =1

( z

j

� s )

� k

ds

where w e tak e a

b

:= exp( b � log a ) for a > 0. F or eac h j = 1 ; : : : ; n de�ne a

function f

j

( k ; � ) on U b y

z 7! f

j

( k ; z ) :=

Z

z

j +1

z

j

� ( k ; z ) :

9



Note that in case k = 0 these are just n indep enden t linear functions on V .

Lemma 1.1 The fol lowing pr op erties for the f

j

( k ; � ) hold:

1. A ny f

j

( k ; � ) extends to a multivalue d holomorphic function on V

r eg

.

2. The functions f

1

( k ; � ) ; : : : ; f

n

( k ; � ) on U ar e line arly indep endent over C .

3. The C -ve ctor sp ac e F ( k ) sp anne d by the f

j

( k ; � ) is invariant under analytic

c ontinuation.

4. Each f

j

( k ; � ) is homo gene ous of de gr e e 1 � ( n + 1) k .

5. If � 2 S

n +1

and f [ 
 ] is the analytic c ontinuation of f 2 F ( k ) to � ( � ) U

along a p ath 
 c onne cting u and � ( � ) u then z 7! f [ 
 ]( � ( � ) z ) is again an

element of F ( k ) .

Pro of: All statemen ts except 2 can b e easily v eri�ed using the de�nition of the

f

j

( k ; � ). A pro of of 2 is giv en in the next c hapter. 2

F rom these prop erties w e conclude that the map S induces an n -dimensional

v ector space F

S

( k ) of functions on S ( U ), spanned b y the functions

e

j

( k ; � ) := e

� � i j k

f

j

( k ; � ) � ( S j

U

)

� 1

:

This space is in v arian t under analytic con tin uation along lo ops in C

n

n �. The

resulting right represen tation

M

k

: G ! End( F

S

( k ))

is called the mono dr omy r epr esentation .

De�ne q as exp( � 2 � i k ) and q

1 = 2

= exp( � � i k ). W e omit the pro ofs of the

follo wing t w o theorems.

Theorem 1.10 F or 1 � i; j � n , i 6= j we have:

1. M

k

( g

j

) e

j

( k ; � ) = � q e

j

( k ; � ) .

2. M

k

( g

j

) e

i

( k ; � ) = e

i

( k ; � ) if j i � j j > 1 .

3. M

k

( g

j

) e

i

( k ; � ) = e

i

( k ; � ) + q

1 = 2

e

j

( k ; � ) if j i � j j = 1 .

In p articular M

k

( g

j

) is a complex re
ection on F

S

( k ) .
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Theorem 1.11 With r esp e ct to the b asis e

j

( k ; � ) , j = 1 ; : : : ; n , the fol lowing

n � n matrix de�nes an M

k

-invariant Hermitian structur e on F

S

( k ) .

H

k

:=

0

B

B

B

B

B

@

2 cos ( � k ) � 1 ;

� 1 2 cos ( � k ) � 1

.

.

.

.

.

.

.

.

.

� 1 2 cos ( � k ) � 1

; � 1 2 cos ( � k )

1

C

C

C

C

C

A

The Hermitian form H

k

is p ositive de�nite i� 1 � ( n + 1) k > 0 .

Note that M

k

( g

j

) and H

k

can b e in terpreted as a deformation in k of the

generating re
ections of � and the Hermitian form on V .

Denote the dual of F

S

( k ) b y E

k

. There is a canonical map

ev : S ( U ) ! E

k

; x 7! ev aluation at x

called the evaluation map . It can b e con tin ued analytically along an y path in

C

n

n � so w e will think of it as a m ultiv alued function on this space. This map

is weighte d homo gene ous on C

n

n �, i.e.

ev ( �

2

x

1

; �

3

x

2

; : : : ; �

n +1

x

n

) = �

1 � ( n +1) k

ev ( x

1

; : : : ; x

n

)

for an y � 2 C

�

. Its lo cal prop erties are as follo ws.

Theorem 1.12 The evaluation map is everywher e lo c al ly biholomorphic. F or

any c ontinuation of ev ne ar a p oint p 2 �

(2)

ther e ar e lo c al c o or dinates y

1

; : : : ; y

n

ne ar p and line ar c o or dinates on E

k

such that � has lo c al e quation y

1

= 0 and

the evaluation map is given by

x 7! ( y

1 = 2 � k

1

; y

2

; : : : ; y

n

)

for x ne ar p .

Pro of: An argumen t in v olving the explicit in tegral form ulas for e

j

( k ; � ) and the

so called Wr onskian of the function space F

S

( k ). Details can b e found in the

next t w o c hapters. 2

Let M

�

k

denote the transp ose of M

k

on E

k

, i.e.

( M

�

k

( g ) � )( f ) = � ( M

k

( g ) f )

for all � 2 E

k

and f 2 F

S

( k ). Then M

�

k

is a left represen tation.

If � :

e

X ! C

n

n � is the univ ersal co v ering then ev extends to a single v alued

holomorphic map fev on

e

X and satis�es

fev ( g � x ) = M

�

k

( g ) fev ( x )

11



for all co v ering automorphisms g 2 G . W e denote the image of G under M

�

k

b y

G

k

.

Let p � 3 and k = 1 = 2 � 1 =p b e suc h that H

k

> 0, i.e. 1 � ( n + 1) k > 0. Then fev

is �( p ) in v arian t and descends to a single v alued function ev

u

on the univ ersal

Galois co v ering

�

u

: X

u

( p ) := �( p ) n

e

X ! C

n

n �

of lo cal degree p along �

(2)

. In particular �( p ) is con tained in the k ernel of M

�

k

.

Considering the lo cal structure of C

n

n � near some p oin t 6= 0 in � one can

pro v e b y induction on the rank n that X

u

( p ) em b eds in a rami�ed co v ering

�

r

: X

r

( p ) ! C

n

nf 0 g with branc h lo cus � nf 0 g . This means that X

u

( p ) =

�

� 1

r

( C

n

n �) and �

u

= �

r

j

X

u

( p )

. Moreo v er ev

u

extends to a lo c al ly biholomorphic

map ev

r

on X

r

( p ).

The Hermitian form H

k

on F

S

( k ) induces an M

�

k

-in v arian t metric on E

k

. By

an elemen tary top ological argumen t and homogeneit y of ev

r

one deduces the

follo wing. There exists a p ositiv e n um b er � > 0 suc h that an y lo cal in v erse of

ev

r

near a p oin t y 2 E

k

extends to a ball cen tered at y with radius � times the

distance of y to 0. Hence an y lo cal in v erse extends to E

k

nf 0 g b ecause this is a

simply connected set if n � 2. This sho ws that ev

r

is an isomorphism b et w een

( X

r

( p ) ; G= �( p )) and ( E

k

nf 0 g ; G

k

).

No w the map h on E

k

nf 0 g ! C

n

nf 0 g giv en b y h := �

r

� ev

� 1

r

is a map ha ving

holomorphic functions on E

k

nf 0 g as co ordinates. Because 0 is of co-dimension

at least t w o in E

k

, Hartog's theorem implies that h extends holomorphically to

E

k

and clearly h (0) = 0. In particular h : E

k

! C

n

is a rami�ed co v ering of

�nite de gr e e and its automorphism group G

k

is �nite.

Note that for an y j the j

th

co ordinate h

j

of h is homogeneous of degree

j + 1

1 � ( n + 1) k

whic h m ust therefore b e an in teger. This implies that 1 � ( n + 1) k itself equals

1 =m for some in teger m � 2 and eac h h

j

is a p olynomial . Moreo v er eac h h

j

is

G

k

in v arian t and in fact they generate the algebra of G

k

-in v arian t p olynomials

on E

k

.

T aking �

p

:= M

�

k

, E := E

k

and G ( p ) := G

k

, the theorem is pro v ed. 2

The isomorphism G ( p )

�

=

G= �( p ) giv es a presen tation of G ( p ) consisting of the

braid relations for G and a relation for eac h generator to mak e its order p .

The existence of generators h

1

; : : : ; h

n

for P [ E ]

G ( p )

suc h that h is a branc hed

co v ering with branc h lo cus � is a sp ecial case of a result in [OS] on discriminan ts

of Shephard groups.

12
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Chapter 2

Lauricella's F

D

2.1 Abstract

In this c hapter w e study the mo duli space of (m ultiv alued) di�eren tial forms on

P

1

with n + 3 singular p oin ts with �xed exp onen ts, for some n � 1. In tegration

of suc h a form giv es rise to a p erio d or evaluation mapping closely related to

the h yp ergeometric function F

D

of Lauricella in n v ariables. If one imp oses

some conditions on the exp onen ts at the singularities of the form this ev alua-

tion mapping establishes an isomorphism b et w een a certain geometric quotien t

( P

1

)

n +3

= PGL (2 ; C ) and a quotien t B = � of a complex h yp erb olic ball where �

is induced b y mono drom y of the ev aluation mapping.

2.2 In tro duction

The classical h yp ergeometric function w as already studied b y Euler in the 18

th

cen tury . More famous are the impressiv e results Gauss obtained concerning

this function, whic h is also referred to as Gauss' hyp er ge ometric function . The

sub ject of this c hapter w as initiated in the 19

th

cen tury b y Riemann [R] and

Sc h w arz [S]. Riemann found a particularly nice w a y to study prop erties lik e

mono drom y and transformation form ulae for the Gauss function. Sc h w arz then

found all parameters for whic h the Gauss function has a �nite mono drom y

group, i.e. for whic h it is algebr aic . His metho ds w ere geometric of nature and

later Klein generalized his w ork to obtain discr ete mono drom y groups (related

to the so-called Klein triangle groups).

After this, generalizations ha v e b een carried out in t w o directions. In 1989 (!)

Beuk ers and Hec kman [BH] found the parameters for whic h the higher h yp er-

geometric function

n

F

n � 1

has �nite mono drom y . In this direction, the question

14



remains when this higher h yp ergeometric function has discr ete mono drom y . A

question whic h is, as far as I kno w, not y et answ ered. The second direction of

generalizations of the classical w ork w as in sever al variables . Hyp ergeometric

functions of t w o v ariables w ere in tro duced b y App ell [A,AK]. Picard then used

App ell's function F

1

(App ell in tro duced F

1

up to F

4

) to study the same ques-

tions ab out �niteness and discreteness of its mono drom y . Though he couldn't

settle these questions in detail (in fact some of his argumen ts w ere wrong) he

did some imp ortan t w ork on this function [P1..3].

Little after App ell, Lauricella [L] ga v e a generalization of the functions F

1

:::F

4

in arbitrarily man y v ariables called F

D

; F

A

; F

B

; F

C

resp ectiv ely . In the 1970

0

s

T erada [T] used the Lauricella F

D

to con tin ue Picard's w ork. But he also did not

ha v e the complete pro ofs, though he did get the righ t answ ers. Then some ten

y ears later the famous pap er b y Deligne and Mosto w w as published [DM]. They

in v estigated the same questions as T erada and ha v e giv en a rigorous treatmen t of

the sub ject. Recen tly a v ery nice pap er b y Th urston [Th] w as published in whic h

he studies a related mo duli problem but no w using com binatorial tec hniques and

theory of conic manifolds. The w ord hyp er ge ometric function do es not app ear

in his pap er.

The in ten tion of this c hapter is to com bine some ideas found in [DM] and [Th]

to get a fairly elemen tary treatmen t of the sub ject. I w ould lik e to thank

G. Hec kman, for man y fruitful discussions, E. Lo oijenga for in tro ducing me to

the sub ject of Geometric In v arian t Theory and H. de V ries for careful reading

of the man uscript.

2.3 The h yp ergeometric function F

D

Let n 2 N b e at least 1. In this section w e �x parameters �

0

; : : : ; �

n +2

2 (0 ; 1)

suc h that

P

�

j

= 2. T ak e real n um b ers z

o

1

; : : : ; z

o

n

suc h that 0 < z

o

1

< : : : <

z

o

n

< 1 and let z

o

b e the p oin t ( z

o

1

; : : : ; z

o

n

) on ( P

1

)

n

where w e think of P

1

as

C [ f1g . This p oin t will serv e later on as a base p oin t for some fundamen tal

group etc. No w tak e z = ( z

1

; : : : ; z

n

) 2 C

n

and assume for the momen t that

also 0 < z

1

< : : : < z

n

< 1. W e sometimes denote 0 ; 1 ; 1 as z

0

; z

n +1

; z

n +2

resp ectiv ely . Subscripts should b e tak en mo d n + 3 hence �

n +3

= �

0

etc.

De�ne on the union of the upp er half plane H with the in terv als ( z

j

; z

j +1

),

j = 0 ; : : : ; n + 2 the holomorphic function

' ( z

1

; : : : ; z

n

) : s 7! ' ( z

1

; : : : ; z

n

; s ) =

n +1

Y

j =0

( z

j

� s )

� �

j

suc h that ' ( z ; s ) > 0 if s < 0. The exp onen t of the di�eren tial ' ( z ; s ) ds at

in�nit y equals � �

n +2

. In tegrating this form along curv es in H yields the so
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called Sc h w arz-Christo�el mapping on H :

S ( z ; t ) =

Z

t

0

' ( z ; s ) ds

Here w e in tegrate along an y path through H connecting 0 and t . This mapping

can b e describ ed geometrically in a v ery nice w a y . It maps H biholomorphically

on to the in terior of a p olygon P ( z ) with v ertices (in coun ter clo c kwise order)

v

j

= S ( z ; z

j

). A t v ertex v

j

the in terior angle equals (1 � �

j

) � , so b y our c hoice

of the parameters �

j

, the p olygon P ( z ) will b e c onvex .

H

r r r r r

0

z

1

z

2

1

1

-

S ( z ; t )
















b

b

b

b

b

b

�

�

�

B

B

B

B

B

P

v

4

v

0

= 0

v

1

v

2

v

3

F or j 2 f 0 ; : : : ; n + 2 g let e

j

( z ) = v

j +1

� v

j

b e the j -th directed edge of P ( z ),

or:

e

j

( z ) =

Z

z

j +1

z

j

' ( z ; s ) ds

This in tegral form ula sho ws that edges are analytic functions of their argumen t

z near the basep oin t z

o

and can b e con tin ued analytically throughout X � ( P

1

)

n

giv en b y:

X = f ( u

1

; : : : ; u

n

) 2 ( P

1

)

n

j # f 0 ; u

1

; : : : ; u

n

; 1 ; 1g = n + 3 g

Clearly the sum of all n + 3 edges equals zero, but there is ev en a stronger

dep endence.

Lemma 2.1 As analytic functions of the p ar ameter z , any set of ( n + 2) e dges

is line arly dep endent (over C ).

Pro of: Let E b e a set of ( n + 2) edges and let e

j

b e the edge that is not

con tained in E . T ak e z near z

o

and real v alued. Re
ect P ( z ) in the edge

connecting v

j

and v

j +1

and glue the image to P ( z ). The directed edges of this

bigger p olygon are exactly e

k

and c

k

e

k

for k 6= j and some n + 2 constan ts (i.e.

not dep ending on z ) on the unit circle, hence

X

k 6= j

(1 + c

k

) e

k

( z ) = 0

is a non trivial linear relation on whic h holds indep enden tly of z . 2
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Not all ( n + 1)-tuples of edges need to b e linearly indep enden t. Ho w ev er, w e

will sho w that an indep enden t set of ( n + 1) edges alw a ys exists.

Theorem 2.1 L et J = f 0 ; : : : ; n + 2 gnf k

1

; k

2

g b e a set of n + 1 elements. The

e dges e

j

, j 2 J ar e line arly dep endent i� b oth e dges e

k

1

and e

k

2

ar e \p ar al lel",

i.e. i�

�

k

1

+1

+ �

k

1

+2

+ : : : + �

k

2

= 1 :

(This me ans that if z is chosen r e al value d then the e dges e

k

1 ; 2

( z ) of P ( z ) ar e

r e al ly p ar al lel.)

Pro of: The \if " part follo ws from the pro of of the previous lemma (if remain-

ing edges are parallel, some c

k

will equal � 1). No w supp ose that the remaining

edges are not parallel. Then one c hec ks that an y small v ariation of the lengths

of the edges of P ( z

o

) with indices in J still realizes a con v ex p olygon P

0

(with-

out c hanging the in terior angles). Of course the lengths of the remaining t w o

edges are then completely determined. Because an y p olygonal domain is the

biholomorphic image of H under a Sc h w arz-Christo�el mapping, it follo ws that

there are n um b ers 0 < w

1

< : : : < w

n

< 1 suc h that the mapping S ( w ; t )

maps H on to the in terior of a con v ex p olygon whic h is a�nely isomorphic to

P

0

. These n + 1 degrees of freedom sho w that the edge functions with index in

J are linearly indep enden t. 2

The edge e

n +1

( z ) (upto a scalar) is kno wn as the L auric el la hyp er ge ometric

function F

D

. It is a generalization of the Gauss function in sev eral v ariables.

T a ylor expansion at 0 using Euler's B function yields:

e

� i�

n +2

e

n +1

( z ) = e

� i�

n +2

Z

1

1

' ( z ; s ) ds =

=

�(1 � �

n +2

)�(1 � �

n +1

)

�( �

0

+ : : : + �

n

)

X

m 2 N

n

(1 � �

n +2

)

j m j

( � )

m

( �

0

+ : : : + �

n

)

j m j

m !

z

m

Here m ulti index notation is used and moreo v er:

( � )

m

= ( �

1

)

m

1

( �

2

)

m

2

� � � ( �

n

)

m

n

m ! = m

1

! m

2

! � � � m

n

!

The ab o v e sum is absolutely con v ergen t if j z

j

j < 1 for all j and is denoted b y

F

D

(1 � �

n +2

; �

1

; : : : ; �

n

; �

0

+ : : : + �

n

; z

1

; : : : ; z

n

)

Note that if n = 1, w e ha v e:

F

D

( �; � ; 
 ; z

1

) = F ( �; � ; 
 ; z

1

)
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Remark 2.1 De�ne n + 1 di�er ential op er ators as fol lows:

�

j

:= z

j

@

@ z

j

; j = 1 ; : : : ; n; � := �

1

+ : : : + �

n

L et F

D

:= F

D

( �; �

1

; : : : ; �

n

; 
 ; z

1

; : : : ; z

n

) . Then one de duc es fr om its p ower

series exp ansion

[(� + 
 � 1) �

j

� z

j

(� + � )( �

j

+ �

j

)] F

D

= 0

for al l j = 1 ; : : : ; n . The lo c al solution sp ac e of these n e quations at any non

singular p oint is ( n + 1) -dimensional and sp anne d by the e dges e

j

( z ) for suitable

p ar ameters � . A solution f ne ar z is c ompletely determine d by pr escribing the

values of f and al l its (�rst or der) p artial derivatives at z .

F or an y z 2 X let M ( z ) denote the punctured Riemann sphere, M ( z ) =

P

1

nf 0 ; 1 ; z

1

; : : : ; z

n

; 1g . On M ( z ) the v olume form 
( z ) = ( i= 2) j ' ( z ; s ) j

2

ds ^ ds

is w ell de�ned (b ecause all �

j

are r e al ). This form can b e considered as the pull

bac k of the euclidean v olume on C b y a \Sc h w arz-Christo�el" mapping (whic h

is clear if z is real v alued). The v olume

V ol( M ( z )) =

Z

M ( z )


( z )

is p ositiv e and �nite. It can b e expressed in a nice w a y using the v ertices v

j

( z ).

T o do so, w e in tro duce and study the notion of A r e a of lo ops in C .

De�nition 2.1 L et 
 : [0 ; 1] ! C b e a pie c ewise smo oth lo op (so 
 (0) = 
 (1) ).

We de�ne the Area of this lo op by:

A r e a ( 
 ) =

1

2 i

Z




z dz

The area of a lo op is just the euclidean area of the region in C that is enclosed in

this lo op. (Ev ery p oin t is coun ted as man y times as the lo op winds around it in

coun ter clo c kwise direction). The area of a lo op giv es rise to a hermitean form on

a certain ( n + 1)-dimensional space. De�ne �

j

= exp( � i�

j

) and !

j

= �

0

� � � �

j

for j 2 f 0 ; : : : ; n + 2 g . Then j !

j

j = 1 and !

n +2

= 1. If w

0

; : : : ; w

n +2

are

the canonical linear co ordinates on C

n +3

let P ol ( � ) � C

n +3

b e the ( n + 1)-

dimensional C -linear subspace de�ned b y the linearly indep enden t equations

n +2

X

j =0

!

j

w

j

=

n +2

X

j =0

!

j

w

j

= 0
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The R -linear subspace

P ol

R

( � ) := P ol ( � ) \ R

n +3

is a real form of P ol ( � ). T o a v ector w 2 P ol ( � ) w e asso ciate t w o piecewise

linear lo ops P

+

( w ) and P

�

( w ) whic h pass through the p oin ts

(0 ; !

0

w

0

; !

0

w

0

+ !

1

w

1

; : : : ; !

0

w

0

+ : : : + !

n +1

w

n +1

)

and

(0 ; !

0

w

0

; !

0

w

0

+ !

1

w

1

; : : : ; !

0

w

0

+ : : : + !

n +1

w

n +1

)

resp ectiv ely in the giv en order. Note that if w 2 P ol

R

( � ) then P

�

( w ) is the

complex conjugate of P

+

( w ) and vice v ersa. W e can no w de�ne an hermitian

structure H on P ol ( � ) b y

H ( w ; w ) = Area( P

+

( w )) � Area( P

�

( w ))

for all w 2 P ol ( � ). In particular, if w 2 P ol

R

( � ) then H ( w ; w ) = 2Area ( P

+

( w )).

If v and w are b oth in P ol ( � ) then b y triangulating these p olygons one can

compute explicitly (co ordinates of w and v indexed from 0 to n + 2):

H ( v ; w ) =

1

4 i

X

0 � k <l � n +1

( !

k

!

l

� !

k

!

l

)( v

k

w

l

+ v

l

w

k

)

Note that H restricted to P ol

R

( � )

2

is r e al value d . W e will exploit this fact in

the pro of of the follo wing theorem.

Theorem 2.2 L et n b e at le ast 2 . Then the hermite an form H on Pol ( � ) is

h yp erb olic , i.e. has signatur e (1 ; n ) .

Pro of: By the remark ab o v e, it su�ces to sho w that the restriction of H on

P ol

R

( � )

2

is h yp erb olic. W e will diagonalize this restriction step b y step. T ak e

w 2 P ol ( � ) \ R

n +3

> 0

. Because n � 2 there is a n um b er j 2 f 0 ; : : : ; n + 2 g suc h

that �

j

+ �

j +1

< 1. This implies that there are p ositiv e real n um b ers x; y suc h

that !

j

= x!

j � 1

+ y !

j +1

. Note that x and y do not dep end on w but only on � .

No w the part of the p olygon P

+

( w ) near the j

th

edge lo oks lik e an angle with

a triangle T clipp ed o�:

(

(

(

(

(

(

(

(

(

(

(

l

l

l

l

l

l

l

l

�

�

�

�

�

�

v

j

v

j +1

T

�

�	

(1 � �

j

� �

j +1

) �

P

+
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The lengths of the edges of T are w

j

; xw

j

and y w

j

resp ectiv ely . The angle of

T opp osite to the j

th

edge of P

+

( w ) measures (1 � �

j

� �

j +1

) � . T ogether this

sho ws

Area ( T ) =

1

2

xy sin(( �

j

+ �

j +1

) � ) w

2

j

=:

1

2

tw

2

j

Let the n + 2 parameters �

0

0

; : : : ; �

0

n +1

b e giv en b y

�

0

; : : : ; �

j � 1

; �

j

+ �

j +1

; �

j +2

; : : : ; �

n +2

resp ectiv ely and w

0

2 R

n +2

b y

w

0

= ( w

0

; : : : ; w

j � 1

+ xw

j

; w

j +1

+ y w

j

; : : : ; w

n +2

)

Then w

0

2 P ol

R

( �

0

) and if w e glue T to P

+

( w ) w e obtain the bigger p olygon

P

+

( w

0

) ha ving one v ertex and edge less. No w t > 0 and clearly

2Area ( P

+

( w )) = 2Area ( P

+

( w

0

)) � (

p

tw

j

)

2

Rep eat this pro cedure of stic king on triangles un til, after n suc h steps, w e reac h

a p olygon P

+

( w

00

) whic h is itself a triangle. (One only has to tak e care to a v oid

a parallellogram on the w a y). The lengths of the edges of this triangle are all

p ositiv e linear com binations of w

0

; : : : ; w

n +2

. Its area is quadratic in an y length

of an edge. So w e constructed n + 1 real functionals f

0

; : : : ; f

n

on P ol

R

( � ) suc h

that

H ( w ; w ) = 2Area ( P

+

( w )) = f

0

( w )

2

� f

1

( w )

2

� : : : � f

n

( w )

2

and b y considering eac h reduction step w e conclude that these functionals are

linearly indep enden t.

Because P ol ( � ) \ R

n +3

> 0

is op en in P ol

R

( � ) w e conclude that the latter equalit y

holds throughout P ol

R

( � ) if this op en cone w ould b e non empt y . No w 0 is

con tained in the con v ex h ull of the !

j

and an y realisation of 0 as a con v ex

com bination with all p ositiv e co e�cien ts yields a non zero elemen t of the op en

cone ab o v e. Hence the restriction of H to this real form is h yp erb olic and hence

H is itself h yp erb olic. 2

Here is ho w the v olume of M ( z ) relates to this hermitean form.

Theorem 2.3 F or al l z 2 X the fol lowing e quality holds:

V ol( M ( z )) = H ( w ( z ) ; w ( z )) ;

wher e w ( z ) 2 P ol ( � ) is given by

w ( z ) = ( !

0

e

0

( z ) ; !

1

e

1

( z ) ; : : : ; !

n +2

e

n +2

( z ))

and the e dge functions e

0

; : : : ; e

n +2

ar e c ontinue d analytic al ly along any p ath

fr om z

o

2 X to z 2 X .
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Pro of: T ak e z in X . Let � : [0 ; 1] ! X b e an y smo oth path in X connecting z

o

and z . W e deform the half line [0 ; 1 ] accordingly: Let 
 : [0 ; 1] � [0 ; 1] ! P

1

( C )

b e con tin uous suc h that

1. 
 ( s; � ) is a smo oth non self-in tersecting curv e for all s 2 [0 ; 1].

2. 
 ( s; 0) = 0, 
 ( s; 1) = 1 and 
 ( s; � ) passes through the p oin ts �( s )

j

(1 �

j � n ) in this order.

3. 
 (0 ; � ) parametrizes the half line [0 ; 1 ].

T ak e 
 ( � ) := 
 (1 ; � ) Slit P

1

op en along 
 to obtain a simply connected domain

U . Let ' ( z ; t ) b e a holomorphic branc h of

n +1

Y

j =0

( t � z

j

)

� �

j

for t 2 U and let S ( z ; t ) b e holomorphic on U ha ving ' ( z ; t ) as its deriv ativ e

(with resp ect to t ) and suc h that S ( z ; 0) = 0. The mapping S ( z ; t ) resem bles

the Sc h w arz-Christo�el mapping. No w b y Stok es w e ha v e:

V ol( M ( z )) =

Z

U


( z ) =

1

2 i

Z

@ U

S ( z ) dS ( z )

Note that the b oundary of U consists of t wice the curv e 
 , once in eac h direc-

tion. Let S

+

j

and S

�

j

resp ectiv ely denote the images under S ( z ; t ) of the p oin ts

z

0

; : : : ; z

n +2

when w e pass from 0 to 1 along @ U in p ositiv e and negativ e ori-

en tation resp ectiv ely .

In particular, note that S

+

j

is the j -th v ertex v

j

( z ) (con tin ued along �). These

n um b ers satisfy:

1. S

+

0

= S

�

0

= 0 and S

+

n +2

= S

�

n +2

.

2. F or all j , !

j

( S

+

j +1

� S

+

j

) = !

j

( S

�

j +1

� S

�

j

)
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De�ne w

j

:= !

j

( S

+

j +1

� S

+

j

) = !

j

e

j

( z ) for 0 � j < n + 2. If w e tak e w

n +2

:=

� S

+

n +2

= e

n +2

( z ) then

w := ( w

0

; : : : ; w

n +2

) 2 P ol ( � )

Let S

+

j

( t ) and S

�

j

( t ) b e the branc hes of S ( z ; t ) on the curv e segmen t [ z

j

; z

j +1

]

suc h that S

�

j

( z

j

) = S

�

j

and S

�

j

( z

j +1

) = S

�

j +1

. Then for all j there exist �

j

2 C

suc h that:

S

+

j

( t ) = !

2

j

S

�

j

( t ) + �

j

Substituting this in the RHS of the Stok es equalit y yields (in tegrations are along


 ):

V ol( M ( z )) =

n +1

X

j =0

1

2 i

 

Z

z

j +1

z

j

S

+

j

( t ) dS

+

j

( t ) �

Z

z

j +1

z

j

S

�

j

( t ) dS

�

j

( t )

!

=

=

n +1

X

j =0

1

2 i

Z

z

j +1

z

j

�

j

!

2

j

dS

�

j

( t ) =

n +1

X

j =0

�

j

2 i

( S

+

j +1

� S

+

j

)

Hence this v olume do es dep end only on the p oin ts S

+

j

(= v

j

( z )), not on the curv e

connecting them. Replacing the subsequen t connecting curv es all b y straigh t

line segmen ts and recalling the de�nition of w 2 P ol ( � ) w e get:

V ol( M ( z )) = Area( P

+

( w )) � Area( P

�

( w )) = H ( w ; w )

This pro v es the theorem. 2

2.4 Geometry and mono drom y of F

D

In this section w e will assume that the parameters �

j

are all r ational . The edge

functions de�ned in the previous section are m ultiv alued analytic on X � ( P

1

)

n

.

They span lo cally an ( n + 1)-dimensional space o v er C at an y p oin t of X . By

remark 2.1 w e conclude that the edges form in fact a lo cal system on X whic h

giv es rise to a represen tation of the fundamen tal group of X . The complemen t D

of X in ( P

1

)

n

is the union of a �nite n um b er of divisors with equations z

i

= z

j

.

The space ( P

1

)

n

has a natural strati�cation suc h that the dense op en set X

is the highest dimensional stratum. The strata are indexed b y partitions � of

f 0 ; : : : ; n + 2 g satisfying

(i) F or all p 2 �: # p � n + 1.

(ii) F or all p 2 �: #( p \ f 0 ; n + 1 ; n + 2 g ) � 1.
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W e de�ne a partial ordering on partitions suc h that �

1

� �

2

i� �

2

is a re�ne-

men t of �

1

. The stratum D

�

for suc h a partition is de�ned b y

D

�

= f ( z

1

; : : : ; z

n

) 2 P

1

( C )

n

j z

i

= z

j

i� f i; j g � p for some p 2 � g

where i and j range o v er f 0 ; : : : ; n + 2 g . Then the dimension of D

�

in ( P

1

)

n

is #� � 3. Note that X is the stratum corresp onding to the partitioning in

singletons and that D

�

con tains D

�

0

in its closure i� �

0

� �. The edge function

is really a function F of Nilsson class on ( P

1

)

n

of determination order n + 1 and

singularities along D . Ho w ev er, to study the function F it will b e useful to

em b ed X in a di�eren t n -dimensional space, Q , endo w ed with a strati�cation

suc h that X is the stratum of highest dimension. The strata are indexed b y

partitions � of f 0 ; : : : ; n + 2 g satisfying

(i) F or all p 2 �: # p � n + 1.

(ii) F or all p 2 �:

P

j 2 p

�

j

< 1 :

W e call suc h partitions � - stable or just stable . The stratum D

�

will again b e

of dimension #� � 3. W e construct Q b y using Geometric In v arian t Theory of

Hilb ert-Deligne-Mumford [MF]. Let N 2 N b e the smallest common denomi-

nator of all �

j

and set m

j

= N �

j

. Let for an y m 2 Z , O ( m ) denote the line

bundle of degree m o v er P

1

. If m � 0, w e can in terpret sections in this bundle

as homogeneous p olynomials of degree m on C

2

, where P

1

= P ( C

2

). Let the

line bundle L o v er ( P

1

)

n +3

b e de�ned as the exterior tensor pro duct:

L =

n +2

O

j =0

O ( m

j

) :

No w PGL( C

2

) acts b y the diagonal action on ( P

1

)

n +3

and b ecause

P

j

m

j

is

ev en, L admits a unique structure of a homogeneous PGL( C

2

) bundle. With

resp ect to L , the semi-stable (resp. stable) p oin ts of ( P

1

)

n +3

are giv en b y

f ( z

0

; : : : ; z

n +2

) j for all j;

X

z

i

= z

j

�

i

� 1 (resp. < 1) g

No w w e tak e Q as the geometric quotien t:

Q = ( P

1

)

n +3

stable

= PGL ( C

2

)

The space Q is a smo oth (quasi pro jectiv e) v ariet y (e.g. see [DO, c hap. 2 Thm.

2]). W e em b ed X in Q b y

( z

1

; : : : ; z

n

) 7! orbit of (0 ; z

1

; : : : ; z

n

; 1 ; 1 ) :
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F or an y stable partition �, de�ne the stratum D

�

b y

f ( z

0

; : : : ; z

n +2

) j z

i

= z

j

i� f i; j g � p for some p 2 � g = PGL ( C

2

)

This de�nes a strati�cation of Q as indicated. If �

i

+ �

j

< 1 for some i 6= j w e

denote the ( n � 1)-dimensional stratum D

�

where � is the maximal partition

con taining f i; j g b y [ i j ].

By iden tifying X and its em b edding in Q , w e can view the Nilsson class function

F as a Nilsson class function on Q with singularities along the b oundary of X .

Let U � X � Q b e a small simply connected neigh b orho o d of z

o

2 X . Let

V = V ( U ) denote the C -v ectorspace spanned b y all determinations of F on

U . Then b y previously obtained results, V is ( n + 1)-dimensional. By analytic

con tin uation w e get a natural right represen tation of the fundamen tal group of

X on V :

M : �

1

( X ; z

o

) ! GL( V )

W e call this the mono dr omy r epr esentation . There is a canonical mapping of U

in to the dual V

0

of V , the evaluation mapping . It is giv en b y:

ev : U ! V

0

; ev : z 7! ev aluation at z

Note that ev can b e con tin ued analytically throughout X . Henceforth w e will

view ev as a m ultiv alued holomorphic mapping of X in to V

0

. W e w an t to

understand the b eha viour of this ev aluation mapping, or in fact its pro jectiv e

v ersion:

p ev : X ! P ( V

0

)

In particular w e w an t to study when (i.e. for whic h � ) this mapping has a

single value d holomorphic in v erse on its image. If suc h an in v erse exists, this

implies that mono drom y induces a discr ete group in PGL( V

0

). The idea is to

study lo c al prop erties of p ev �rst and use the results to understand the glob al

prop erties.

Theorem 2.4 The sp ac e V

0

admits a hyp erb olic hermite an form H , invariant

under dual mono dr omy (the tr ansp ose of M , i.e. a left r epr esentation). Mor e-

over, evaluation maps X into the p ositive p art of V

0

(with r esp e ct to H ).

Pro of: Let w again b e the (m ultiv alued) mapping

w ( z ) := ( !

0

e

0

( z ) ; !

1

e

1

( z ) ; : : : ; !

n +2

e

n +2

( z ))

Then w ( z ) 2 P ol ( � ). Because e

0

; : : : ; e

n

span V , b y theorem 2.2 there exists a

h yp erb olic hermitean matrix H 2 Mat( n + 1 ; C ) suc h that

H ( w ( z ) ; w ( z )) =

X

0 � i;j � n

H

ij

e

i

( z ) e

j

( z )
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for all z 2 X . Because the left hand side of this equalit y equals V ol( M ( z )) the

righ t hand side is in v arian t under mono drom y . Let �

0

; : : : ; �

n

b e the dual basis

of V

0

with resp ect to e

0

; : : : ; e

n

. De�ne H ( �

i

; �

j

) := H

ij

. This is an in v arian t

h yp erb olic hermitean form and:

H ( ev ( z ) ; ev ( z )) = H (

X

i

e

i

( z ) �

i

;

X

j

e

j

( z ) �

j

) =

=

X

i;j

H

ij

e

i

( z ) e

j

( z ) = V ol( M ( z )) > 0

This pro v es the theorem. 2

The subspace B of P ( V

0

) giv en b y

B := f [ v ] j H ( v ; v ) > 0 g

is isomorphic to the complex unit ball in C

n

. By the previous theorem w e

conclude that p ev maps X in to B .

Theorem 2.5 The mapping p ev is everywher e lo c al ly biholomorphic.

Pro of: F or y 2 X let f

0

; : : : ; f

n

b e a lo cal basis of determinations and y

1

; : : : ; y

n

some lo cal co ordinates. Then p ev is lo cally biholomorphic at y i� the follo wing

wr onskian do es not v anish near y :

det

0

B

B

B

B

B

B

@

f

0

@ f

0

@ y

1

: : :

@ f

0

@ y

n

f

1

@ f

1

@ y

1

: : :

@ f

1

@ y

n

.

.

.

.

.

.

.

.

.

f

n

@ f

n

@ y

1

: : :

@ f

n

@ y

n

1

C

C

C

C

C

C

A

No w b y remark 2.1 ev ery determination near y is completely determined b y its

v alue and those of its �rst order partial deriv ativ es at y . This clearly implies

that the wronskian do es not v anish at y . 2

T o examine lo cal b eha vior along the singular lo cus, w e extend the in tegral rep-

resen tation of the edges to

f ( z

0

; : : : ; z

n +1

; 1 ) 2 ( P

1

)

n +3

j # f z

0

; : : : ; z

n +1

; 1g = n + 3 g

b y the form ula

E

ij

:= ( z

n +1

� z

0

)

1 � �

n +2

Z

z

j

z

i

n +1

Y

k =0

( s � z

k

)

� �

k

ds:
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Here in tegration is along an y path a v oiding (except in its end p oin ts) all z

k

.

One computes

E

ij

=

Z

t

� �

0

( t � 1)

� �

n +1

n

Y

k =1

( t �

z

k

� z

0

z

n +1

� z

0

)

� �

k

dt

(in tegrate along the transformed path) so E is just an extension of the edges

in v arian t under the stabilizer of 1 (linear transformations). F rom this in tegral

represen tation one deduces the follo wing imp ortan t lemma.

Lemma 2.2 L et J � f 0 ; 1 ; : : : ; n + 2 g b e such that 2 � # J � n + 1 and

�

J

:=

P

j 2 J

�

j

< 1 . L et � denote the maximal stable p artition c ontaining

J . Then the Nilsson class function F only has two di�er ent exp onents along

the str atum D

�

. The sever al p ossibilities ar e liste d b elow with their r esp e ctive

multiplicities.

J satis�es: n + 2 � # J times # J � 1 times

f 0 ; n + 1 g 6� J � f 0 ; : : : ; n + 1 g 0 1 � �

J

f 0 ; n + 1 g � J � f 0 ; : : : ; n + 1 g 1 � �

n +2

2 � �

J

� �

n +2

n + 2 2 J � f 1 ; : : : ; n; n + 2 g �

J

� �

n +2

1 � �

n +2

None of the ab ove �

J

� 1 0

Pro of: Compute this from the extended in tegral represen tation of the edges.

2

Corollary 2.1 F or a str atum as in the pr evious lemma and q 2 D

�

, the limit

lim

z ! q

p ev ( z ) exists and do es not dep end on lo c al mono dr omy ne ar q . A smal l

neighb orho o d of q interse cte d with D

�

wil l b e mapp e d into a subsp ac e of dimen-

sion # J � 1 of P ( V

0

) by this limiting pr o c ess.

Pro of: Because only ev aluation upto some scalar m ultiple is considered, the

exp onen ts along D

�

can b e shifted to obtain an exp onen t 0 with m ultiplicit y

n + 2 � # J and an exp onen t 1 � �

J

with m ultiplicit y # J � 1. The corollary

no w follo ws from the fact that 1 � �

J

> 0. 2

F or strata of co dimension one w e need the follo wing stronger result.

Theorem 2.6 L et q 2 [ i j ] for some ( n � 1) -dimensional str atum [ i j ] of Q .

Ther e exists a neighb orho o d Q

q

of q , holomorphic functions q

0

; : : : ; q

n

on Q

q

and homo gene ous c o or dinates on P ( V

0

) such that

(i) The set [ q

0

= 0] e quals [ i j ] \ Q

q

.
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(ii) The mapping Q

q

! P ( V

0

) , w 7! ( q

0

( w ) : : : : : q

n

( w )) is biholomorphic.

(iii) The pr oje ctive evaluation mapping p ev on Q

q

is just

( q

0

: q

1

: : : : : q

n

) 7! ( q

1 � �

i

� �

j

0

: q

1

: : : : : q

n

)

Pro of: According to lemma 2.2 there exists a co ordinate neigh b orho o d

( Q

q

; w

1

; : : : ; w

n

)

of q and holomorphic functions f

0

; : : : ; f

n

on Q

q

suc h that

(i) The set [ w

1

= 0] equals [ i j ] \ Q

q

.

(ii) A t eac h p oin t of Q

q

the functions

f

0

� w

�

1

; f

1

� w

�

1

; : : : ; f

n

� w

�

1

form a basis of determinations of F . Here � and � are the t w o exp onen ts

along [ i j ].

Then with resp ect to suitable homogeneous co ordinates of P ( V

0

) ev aluation on

Q

q

is:

p ev : w 7! ( w

1 � �

i

� �

j

1

f

0

: f

1

: : : : : f

n

)

No w it is w ell kno wn that the W ronskian of f

0

; : : : ; f

n

with resp ect to w

1

; : : : ; w

n

satis�es a �rst order system of linear di�eren tial equations and from the explic-

itly kno wn equations for the Lauricella function one deduces that the W ronskian

has the follo wing form near q :

h � w

� + n� � 1

1

Here h is a holomorphic function whic h do es not v anish at q . Explicitly com-

puting this wronskian using Cramer's rule, w e �nd that b oth f

0

and

det

0

B

B

B

B

B

B

@

@ f

1

@ w

1

: : :

@ f

1

@ w

n

@ f

2

@ w

1

: : :

@ f

2

@ w

n

.

.

.

.

.

.

@ f

n

@ w

1

: : :

@ f

n

@ w

n

1

C

C

C

C

C

C

A

do not v anish at q . By taking Q

q

small enough, the functions

q

0

:= w

1

� f

1 = (1 � �

i

� �

j

)

0

; q

1

:= f

1

; : : : ; q

n

:= f

n

satisfy the conditions of the theorem. 2
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2.5 Rami�ed co v erings of Q

In this section w e will pro v e the follo wing main result of these notes:

Theorem 2.7 Supp ose that for al l str ata [ i j ] of Q the exp onent di�er enc e

1 � �

i

� �

j

along [ i j ] e quals 1 =m

ij

for some m

ij

2 N

� 2

. Then the image of

the pr oje ctive evaluation mapping is dense in B and ther e exists a single v alued

holomorphic mapping � : B ! Q such that on X one has � � p ev = id

X

.

W e will pro v e this result b y studying rami�ed co v erings of Q . A crucial in-

gredien t of the pro of is the existence of a mono drom y in v arian t metric d on B

generating its top ology . This is the so-called Poinc ar � e-Ber gman metric de�ned

as follo ws.

De�nition 2.2 De�ne a metric d on B by:

c osh d ([ v

1

] ; [ v

2

]) =

j H ( v

1

; v

2

) j

[ H ( v

1

; v

1

) H ( v

2

; v

2

)]

1 = 2

F or any � > 0 denote the b al l of r adius � c enter e d at b 2 B by B ( �; b ) :

B ( �; b ) := f b

0

2 B j d ( b

0

; b ) < � g

This metric is clearly mono drom y in v arian t, and it generates the top ology of

B . Let � :

e

X ! X b e the univ ersal co v ering of X . Lift p ev to a (single-

v alued) lo cally biholomorphic map p ev on

e

X . Then Aut (

e

X j X ) is isomorphic to

�

1

( X ; z

o

).

Theorem 2.8 Supp ose q 2 D

�

and for al l str ata [ i j ] c ontaining q in their

closur e the exp onent di�er enc e 1 � �

i

� �

j

e quals 1 =m

ij

for some m

ij

2 N

� 2

.

L et �

�

(�) : X

�

(�) ! X b e the universal ly r ami�e d c overing of X r ami�e d of

or der m

ij

along [ i j ] . So any m

ij

-fold lo op ar ound [ i j ] induc es the identity

automorphism of X

�

(�) and X

�

(�) is universal with r esp e ct to this pr op erty.

Then the c overing X

�

(�) emb e ds in a r ami�e d c overing

� (�) : X (�) !

[

�

0

� �

D

�

0

i.e. X

�

(�) is a submanifold of X (�) and �

�

(�) is the r estriction of � (�) to

X

�

(�) . Mor e over, p ev induc es a lo c al ly biholomorphic mapping on X (�) , also

denote d by p ev .

Pro of: F rom theorem 2.6 it follo ws that the ev aluation mapping is in v arian t

under analytic con tin uation along an y m

ij

-fold lo op around [ i j ]. Hence p ev
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descends to a lo cally biholomorphic mapping p ev on X

�

(�). The pro of no w

pro ceeds b y induction on the dimension n . In dimension one this em b edding of

co v erings is just the remark that

C

�

z

m

! C

�

extends to a mapping of C on to C . Let w 2 D

�

0

for some stable �

0

� �. Let

p

1

; : : : ; p

s

2 �

0

b e the parts con taining at least t w o elemen ts. Then there are

lo cal co ordinates

w

0

1

; : : : ; w

0

#�

0

� 3

; w

1

1

; : : : ; w

1

# p

1

� 1

; w

2

1

; : : : ; w

2

# p

2

� 1

; : : : ; w

s

# p

s

� 1

on the p olydisc j w

m

j

j < 1 cen tered at w suc h that the strata in this p olydisc are

describ ed as the in tersection structure of the h yp er planes:

X

k � j � l

w

m

j

= 0

Here m ranges o v er f 1 ; : : : ; s g and and k ; l o v er all v alues suc h that 1 � k � l �

# p

m

� 1. Let �

m

denote the m

th

\co ordinate slice", i.e. the set of p oin ts of

whic h only the w

m

�

co ordinates are non-zero. Then the p olydisc neigh b orho o d

of w is a pro duct

�

s

j =0

�

j

Moreo v er, the strati�cation is compatible with this pro duct, i.e. strata are

pro ducts of their pro jections on the co ordinate slices. Ev ery slice �

p

with

its strati�cation is isomorphic to a p olydisc neigh b orho o d on some geometric

quotien t Q

p

of dimension # p � 1 (including strati�cations). F or example tak e

�

j

for j 2 p and t wice 1 �

1

2

P

j 2 p

�

j

as the new # p + 2 parameters.

If no set in � has n + 1 elemen ts, then for all p oin ts w as ab o v e the factors of suc h

pro ducts ha v e lo w er dimension than Q . This allo ws an inductiv e pro cedure in

this case. Let U b e a p olydisc neigh b orho o d of w as b efore, then the univ ersally

rami�ed co v ering of U \ X em b eds in a rami�ed co v ering of U , and p ev extends

lo cally biholomorphically o v er this rami�ed co v ering. (Because U \ X is just a

pro duct of lo w er dimensional situations). The only automorphism of this lo cal

rami�ed co v ering o v er U that �xes p ev is the trivial automorphism b ecause

p ev is lo cally biholomorphic ev erywhere and the pre-image of w in the co v ering

is �xed b y an y automorphism. This implies that the quotien t map of this

univ ersally rami�ed co v ering of U \ X to the co v ering X

�

(�) is actually an

emb e dding . So all lo cal extensions �t together and w e conclude that X

�

(�)

em b eds in a co v ering X (�) as stated.

By theorem 2.6 the ev aluation mapping extends to a lo cally biholomorphic map-

ping on all p oin ts of X (�) ab o v e co-dimension one strata. Then b y Hartog's the-

orem the ev aluation mapping extends lo cally biholomorphically to all of X (�).
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The case remains that � con tains a set of n + 1 elemen ts (i.e. f q g is itself a

stratum). By reasoning in the same w a y as b efore, w e conclude that X

�

(�)

em b eds in a rami�ed co v ering

�

�

: X

�

(�) !

[

�

0

> �

D

�

0

and ev aluation extends lo cally biholomorphically to this co v ering. W e ha v e to

sho w that it extends o v er the p oin t q . Let Q

q

b e a small ball neigh b orho o d of

q and Q

�

a connected comp onen t of ( �

�

)

� 1

( Q

q

).

By corollary 2.1 on Q

�

the limit lim

�

�

( w ) ! q

p ev( w ) =: b is a w ell de�ned p oin t

in B , in particular, it is �xed b y lo cal mono drom y near q . Let K � Q

q

b e a

compact ball around q suc h that for an y w 2 Q

�

\ ( �

�

)

� 1

( @ K ) the distance

d ( p ev( w ) ; b ) is at least 2 � > 0. Suc h a K exists b ecause p ev is lo cally biholo-

morphic and this distance is in v arian t under the automorphisms of Q

�

j Q

q

.

W e will sho w that p ev maps some op en subset of K

�

:= ( �

�

)

� 1

( K ) biholomor-

phically on to the punctured ball B ( � ; b ) � f b g . Then b y Hartog �

�

� ( p ev )

� 1

extends o v er b whic h sho ws that X

�

(�) indeed em b eds in a co v ering X (�) as

stated.

T ak e a co v ering sequence of compact subsets of K � f q g

K

1

�� K

2

�� : : :

i.e. for all j , K

j

is con tained in the interior of K

j +1

and [f K

j

j j � 1 g =

K � f q g . If � > 0 a p oin t w 2 Q

�

will b e called � -wide if p ev maps some

neigh b orho o d of w biholomorphically on to the ball B ( �; p ev( w )).

Lemma 2.3 F or e ach j � 1 ther e exists an �

j

> 0 such that any p oint w 2

K

�

j

:= ( �

�

)

� 1

( K

j

) is �

j

-wide.

Pro of: Consider for all N � 1 the set

W

N

= f w 2 j w is � -wide for some � > 1 =n g :

The follo wing prop erties hold for these sets:

(i) W

N

is an op en set for all N .

(ii) If N � M then W

N

� W

M

.

(iii) Eac h W

N

is Aut ( Q

�

j Q

q

) stable.

(iv) [f W

N

j N � 1 g = Q

�

.

Prop ert y (iii) follo ws b y in v ariance of the distance d on B and (iv) follo ws

b ecause p ev is lo cally biholomorphic. No w all K

j

are compact and hence there
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exist in tegers 1 � N

1

� N

2

� : : : suc h that K

�

j

� W

N

j

for all j . This implies

that all w 2 K

�

j

are 1 = N

j

-wide. 2

Let b

o

= p ev( w ) b e in B ( � ; b ) for some w 2 Q

�

. Lo cally near b

o

the mapping

p ev has a holomorphic in v erse  . Let 
 : [0 ; 1] ! B ( � ; b ) � f b g b e an y curv e

in the punctured ball suc h that 
 (0) = b

o

. Supp ose that  can b e con tin ued

analytically along 
 upto (but not necessarily including) 
 ( t ) for some t 2 (0 ; 1].

Then  maps in to K

�

b ecause its image cannot cross @ K

�

. If  � 
 ( t

0

) 2 K

�

j

for some t

0

2 (0 ; t ) suc h that d ( 
 ( t

0

) ; 
 ( t )) � �

j

then b y the wideness lemma,  

can b e con tin ued upto and including 
 ( t ). No w this is alw a ys the case for the

only other p ossibilit y is that �

�

�  � 
 tends to q if t

0

tends to t . But this w ould

imply that 
 ( t ) = b whic h w e assumed not to b e the case.

No w b is of co-dimension at least t w o in B ( � ; b ) so �

�

�  extends to a holomor-

phic mapping on B ( � ; b ) b y simply-connectedness of B ( � ; b ) � f b g and Hartog's

theorem. This mapping extends the co v ering �

�

o v er q , pro ving the existence

of an em b edding of X

�

(�) in X (�) as stated and p ev extends lo cally biholo-

morphically . 2 (theorem 2.8)

The main theorem follo ws from theorem 2.8:

Pro of: (Of theorem 2.7). Supp ose that for all strata [ i j ] the exp onen t di�er-

ence 1 � �

i

� �

j

equals 1 =m

ij

for some m

ij

2 N

� 2

. Let �

�

( m ) : X

�

( m ) ! X b e

the univ ersally rami�ed co v ering with rami�cation order m

ij

along [ i j ]. Then

p ev descends to a lo cally biholomorphic mapping p ev on X

�

( m ) b ecause it is

in v arian t under con tin uation along an y m

ij

fold lo op around [ i j ].

F or an y q 2 D

�

a connected comp onen t of ( �

�

)

� 1

( Q

q

) for some neigh b orho o d

Q

q

is isomorphic to a connected comp onen t of X

�

(�) o v er Q

q

b ecause p ev is

in v arian t under the trivial automorphism of suc h a comp onen t only (b y theorem

2.8). This implies that X

�

( m ) em b eds in a rami�ed co v ering � ( m ) : X ( m ) ! Q

in the same sense as b efore.

The (quasi pro jectiv e) v ariet y Q has a natural (pro jectiv e) compacti�cation Q

(the universal c ate goric al quotient ( P

1

)

n +3

semistable

= PGL ( C

2

)). The complemen t

Q � Q consists of a �nite n um b er of (singular) p oin ts and if q ! Q � Q then p ev( q )

will tend arbitrarily far a w a y from an y p oin t in B (with resp ect to the metric d ).

One can compute this simply using the in tegral represen tations of edges or see

the discussion in [DM]. No w a wideness argumen t applied to X ( m ) j Q as b efore

sho ws that an y lo cal holomorphic in v erse of p ev extends to a global in v erse on

B . Moreo v er p ev establishes an isomorphism b et w een ( X ( m ) ; Aut( X ( m ) j Q ))

and ( B ; M ( �

1

( X ; z

o

))). 2
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2.6 Some additional results

The main theorem discussed here is not the end of the story . Supp ose that for

some i; j equalit y �

i

= �

j

holds. Then in terc hanging co ordinates i and j on

( P

1

)

n +3

(n um b ered 0 ; : : : ; n + 2) induces a transformation of Q . The Nilsson

class function F of edges is in v arian t under this transformation. So w e ha v e

a subgroup � of the symmetric group S

n +3

acting on Q and stabilizing F .

This allo ws one to consider the induced system F on the quotien t � n Q . The

upshot of this is that the exp onen t along a corresp onding stratum [ i j ] will b e

(1 � �

i

� �

j

) = 2 and in fact the more general theorem b ecomes:

Theorem 2.9 Supp ose that for al l str ata [ i j ] the exp onent di�er enc e 1 � �

i

� �

j

is either 1 =m

ij

(if �

i

6= �

j

) or 2 =m

ij

(if �

i

= �

j

) then the evaluation mapping

p ev on � n Q has a holomorphic inverse on B .

Unfortunately , this quotien t will in general b e singular b ecause � do es not ev en

ha v e to act free on X . So one has to tak e care of additional details to deal with

this, essen tially without c hanging the idea of the pro of of suc h a theorem (see

[M]). In fact, w ould this quotien t b e smo oth, then the same pro of as discussed

in these notes w ould apply . I omitted this additional theory for the sak e of

k eeping things more transparan t.

A second imp ortan t remark is that one can replace the condition that �

j

2 (0 ; 1)

for all j b y the condition �

j

> 0 for all j . This w ould add the el liptic and

p ar ab olic cases to our theory (if for some j , �

j

> 1 or �

j

= 1 resp ectiv ely).

One can again pro v e the ab o v e theorem for these cases. (No w Q will just b e

pro jectiv e space P

n

). Though in addition to discussing symmetries �, one has

to do some extra w ork to infer in v arian t forms for the mono drom y (whic h will

b e de�nite and semi-de�nite resp ectiv ely).

In the el liptic case, the mono drom y is �nite , implying that Lauricella's F

D

is

algebr aic . A holomorphic in v erse for p ev then exists throughout P ( V

0

). In the

p ar ab olic (sometimes called euclide an ) case mono drom y acts b y a�ne transfor-

mations. A holomorphic in v erse for p ev then exists on a a�ne space in P ( V

0

).

In this parab olic case the constan t functions alw a ys satisfy the equations of F

D

!

Some w ork w as done on these elliptic and parab olic cases, though b y di�eren t

means. The question in v estigated is if mono drom y is discr ete , not if an in v erse

of the ev aluation exists. F or example see [Sa], [CW]. Cohen and W olfart use

arithmetic prop erties of mono drom y to deduce �niteness or discreteness (in the

euclidean case).

It is an in teresting remark that in the parab olic cases, the quotien t � n Q is

alw a ys a w eigh ted pro jectiv e space. Hence some p ositiv e results are obtained

for the conjecture in [BS] that the quotien t of an a�ne space with resp ect to

a discrete co compact action of a group generated b y re
ections will alw a ys b e

w eigh ted pro jectiv e space. The w eigh ts are essen tially just the degrees of the
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irreducible factors of �. Here is a list of the parab olic cases:

n denominator n umerators w eigh ts

2 4 4 1 1 1 1 2 3 4

6 6 2 2 1 1 1 2 2

6 6 3 1 1 1 1 2 3

3 6 6 2 1 1 1 1 1 2 3 4

4 6 6 1 1 1 1 1 1 2 3 4 5 6

The next section sho ws a list of all 102 cases in whic h ev aluation has a globally

holomorphic in v erse.
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2.7 T ables

n = 2

# den. Numerators

1 3 2 1 1 1 1

2 4 2 2 2 1 1

3 4 3 2 1 1 1

4 4 4 1 1 1 1

5 5 2 2 2 2 2

6 6 3 3 2 2 2

7 6 3 3 3 2 1

8 6 4 3 2 2 1

9 6 4 3 3 1 1

10 6 4 4 2 1 1

11 6 5 2 2 2 1

12 6 5 3 2 1 1

13 6 5 4 1 1 1

14 6 6 2 2 1 1

15 6 6 3 1 1 1

16 6 7 2 1 1 1

17 6 8 1 1 1 1

18 8 4 3 3 3 3

19 8 5 5 2 2 2

20 8 6 3 3 3 1

21 9 4 4 4 4 2

22 10 6 5 3 3 3

23 10 6 6 3 3 2

24 10 7 4 4 4 1

25 10 8 3 3 3 3

26 10 9 3 3 3 2

27 12 5 5 5 5 4

28 12 6 5 5 4 4

29 12 6 5 5 5 3

30 12 7 5 4 4 4

31 12 7 6 5 3 3

32 12 7 7 4 4 2

33 12 7 7 6 2 2

34 12 8 5 5 3 3

35 12 8 5 5 5 1

36 12 8 7 3 3 3

37 12 9 7 4 2 2

38 12 9 9 2 2 2

39 12 10 5 3 3 3

40 12 11 7 2 2 2
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41 14 8 5 5 5 5

42 14 11 5 5 5 2

43 15 8 6 6 6 4

44 18 8 7 7 7 7

45 18 10 7 7 7 5

46 18 10 10 7 7 2

47 18 11 8 8 8 1

48 18 13 7 7 7 2

49 18 14 13 3 3 3

50 20 10 9 9 6 6

51 20 13 9 6 6 6

52 20 14 11 5 5 5

53 24 14 9 9 9 7

54 24 19 17 4 4 4

55 30 22 11 9 9 9

56 30 23 22 5 5 5

57 30 26 19 5 5 5

58 42 26 15 15 15 13

59 42 34 29 7 7 7

n = 3

# den. Numerators

1 3 1 1 1 1 1 1

2 4 2 2 1 1 1 1

3 4 3 1 1 1 1 1

4 6 3 2 2 2 2 1

5 6 3 3 2 2 1 1

6 6 3 3 3 1 1 1

7 6 4 2 2 2 1 1

8 6 4 3 2 1 1 1

9 6 4 4 1 1 1 1

10 6 5 2 2 1 1 1

11 6 5 3 1 1 1 1

12 6 6 2 1 1 1 1

13 6 7 1 1 1 1 1

14 8 3 3 3 3 3 1

15 10 5 3 3 3 3 3

16 10 6 3 3 3 3 2

17 12 5 5 5 3 3 3

18 12 7 5 3 3 3 3

19 12 7 7 4 2 2 2

20 12 9 7 2 2 2 2
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n = 4

# den. Numerators

1 4 2 1 1 1 1 1 1

2 6 2 2 2 2 2 1 1

3 6 3 2 2 2 1 1 1

4 6 3 3 2 1 1 1 1

5 6 4 2 2 1 1 1 1

6 6 4 3 1 1 1 1 1

7 6 5 2 1 1 1 1 1

8 6 6 1 1 1 1 1 1

9 10 3 3 3 3 3 3 2

10 12 7 7 2 2 2 2 2

n = 5

# den. Numerators

1 4 1 1 1 1 1 1 1 1

2 6 2 2 2 2 1 1 1 1

3 6 3 2 2 1 1 1 1 1

4 6 3 3 1 1 1 1 1 1

5 6 4 2 1 1 1 1 1 1

6 6 5 1 1 1 1 1 1 1

n = 6

# den. Numerators

1 6 2 2 2 1 1 1 1 1 1

2 6 3 2 1 1 1 1 1 1 1

3 6 4 1 1 1 1 1 1 1 1

n = 7

# den. Numerators

1 6 2 2 1 1 1 1 1 1 1 1

2 6 3 1 1 1 1 1 1 1 1 1

n = 8

# den. Numerators

1 6 2 1 1 1 1 1 1 1 1 1 1
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n = 9

# den. Numerators

1 6 1 1 1 1 1 1 1 1 1 1 1 1
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Chapter 3

Re
ection groups

3.1 In tro duction

The in v estigations that lead to the results in this c hapter w ere mainly motiv ated

b y the follo wing three things:

1. The in triguing pap er b y Orlik and Solomon [OS] in whic h they study

(using a computer) the in v arian ts of Shephard groups. They sho w that

the generating homogeneous in v arian ts can b e c hosen in suc h a w a y that

their discriminan t is the same as that of a related r e al re
ection group.

2. The pap er b y Deligne and Mosto w [DM]. In this pap er they construct

groups of transformations of a complex ball generated b y re
ections that

act discretely . These groups arise as a mono dr omy group of a h yp ergeo-

metric function in sev eral v ariables (a Lauricella F

D

).

3. The w ork of Hec kman and Op dam on h yp ergeometric functions and Bessel

functions asso ciated to (crystallographic) ro ot systems as in [H], [O] and

other pap ers.

The goal w as to understand the results of Orlik and Solomon in an in trinsic

w a y as follo ws. Start with the complemen t of a discriminan t of a �nite real

re
ection group W and try to construct the complex groups as mono drom y

groups of certain sp ecial functions asso ciated to the ro ot system of W .

This turns out to b e a pro ductiv e idea. The complex groups arise this w a y b y

\altering" the orders of the generating re
ections of W . W e call these groups

trunc ate d br aid gr oups . These fall in to three categories: the �nite , the p ar ab olic

and the hyp erb olic groups. F or eac h of these categories the results include:
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1. Geometric information ab out rami�ed co v erings of discriminan t comple-

men ts.

2. Presen tations for the complex (not necessarily �nite) groups.

3. Chev alley lik e theorems on the in v arian ts of these groups.

The results of [OS] and of Co xeter [C] (on presen tations of �nite complex re-


ection groups) are consequences of the theory for the �nite case.

The results in the parab olic case can b e related to results of Lo oijenga [L] and

Bernstein Sc h w arzman [BS]. In [BS] it is conjectured that if a group generated

b y complex re
ections of an a�ne space acts discretely and co compactly the

quotien t space is alw a ys w eigh ted pro jectiv e. Indeed, in our examples the quo-

tien t is w eigh ted pro jectiv e and the w eigh ts are directly related to the degrees of

the real Co xeter group. As in [L] a Chev alley lik e theorem is pro v ed for certain

rings of theta functions.

The h yp erb olic case giv es more examples of discrete groups acting on a complex

ball of whic h the quotien t (and other things) can b e describ ed explicitly . Tw o

remarks should b e made. Firstly there is a non zero in tersection b et w een this

pap er and [DM]. The theory for classic al ro ot systems can b e translated to the

theory of Lauricella's F

D

. Details will app ear in a sep erate article. Secondly ,

at the momen t not all h yp erb olic cases are treated in all detail. F or sev eral

groups the ball quotien t will no longer b e a w eigh ted pro jectiv e space. The

algebraic construction of these quotien ts similar to Geometric In v arian t Theory

is only sk etc h y on some p oin ts. Results upto this p oin t are discussed in the next

c hapter.

The results for n = 2 are (more or less) analogous to those of Milnor in [N] on

co v ering spaces of Pham-Briesk orn v arieties.

The rough plans for the dev elopmen t of the theory w ere laid out b y G. Hec kman.

I w ould lik e to thank him for his enormous supp ort. I w ould also lik e to thank

E. Lo oijenga, J. Steen brink and H. de V ries for sev eral in teresting discussions

and reading of the man uscript.

3.2 Co xeter groups, braid groups and re
ection

represen tations

First w e in tro duce some concepts from the theory of ro ot systems and re
ection

groups Let ( E ; ( � ; � )) b e an Euclidean v ector space, dim( E ) = n . Let V b e its

complexi�cation, V = C 
 E . Extend ( � ; � ) to a bilinear form on V . Let R � E

b e a normalized ro otsystem of full rank, i.e. a �nite set suc h that:

1. ( �; � ) = 2 for all � 2 R .
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2. s

�

( � ) := � � ( � ; � ) � 2 R for all �; � 2 R .

3. Span

R

( R ) = E .

If in addition the follo wing holds

4. If R = R

1

[ R

2

and ( �

1

; �

2

) = 0 for all �

1

2 R

1

and �

2

2 R

2

, then R

1

= ;

or R

2

= ;

then w e call R irr e ducible . F or an y � 2 R w e denote its dual in V

�

b y �

�

, i.e.

�

�

( v ) = ( �; v ) for an y v 2 V . De�ne the r e gular p oin ts in V b y:

V

r eg

= f v 2 V j ( �; v ) 6= 0 ; all � 2 R g

T ak e a set of p ositiv e ro ots R

+

, R = R

+

[ � R

+

and simple ro ots �

1

; : : : ; �

n

2

R

+

. Denote the p ositiv e c ham b er in E b y E

+

:

E

+

= f v 2 E j ( v ; �

i

) > 0 for all i 2 f 1 ; : : : ; n gg

Denote the group generated b y all re
ections s

�

, � 2 R b y W :

W = h s

�

j � 2 R i = h s

�

1

; : : : ; s

�

n

i

Denote the fundamen tal \w eigh ts" b y �

1

; : : : ; �

n

, i.e. ( �

i

; �

j

) = �

ij

. De�ne the

Co xeter in tegers m

ij

b y:

m

ij

= order ( s

�

i

s

�

j

)

Then for i 6= j :

( �

i

; �

j

) = � 2 cos (

�

m

ij

)

W e denote the Co xeter elemen t s

�

1

s

�

2

� � � s

�

n

of W b y c , and the Co xeter n um-

b er of W b y h , i.e. order ( c ) = h . If R is irreducible the exp onen ts of W are

written m

1

; : : : ; m

n

.

The matrix M = ( m

ij

) is called the Coxeter matrix of R . Suc h a matrix can b e

denoted graphically as follo ws. T ak e n v ertices v

1

; : : : ; v

n

. Whenev er m

ij

> 2

for some i 6= j , connect v

i

and v

j

b y an edge, moreo v er, if m

ij

> 3 write this

n um b er along the edge. W e will iden tify the diagram and the matrix, so w e

can sp eak of a Co xeter diagram M with Co xeter in tegers m

ij

, etc. Next w e

in tro duce a braid group asso ciated to M .

De�nition 3.1 F or a; b in some gr oup or algebr a and m 2 N , we de�ne ( a; b )

m

by:

( a; b )

m

= ( ab )

m

2

if m is ev en

( a; b )

m

= ( a; b )

m � 1

� a if m is o dd
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The br aid gr oup B ( M ) asso ciate d with the Coxeter diagr am M is the gr oup

de�ne d by gener ators and r elations as fol lows:

B ( M ) = h g

1

; : : : ; g

n

j ( g

i

; g

j

)

m

ij

= ( g

j

; g

i

)

m

j i

; 1 � i < j � n i

The element g

1

g

2

� � � g

n

is c al le d a Co xeter elemen t in B ( M ) .

Lemma 3.1 T ake i; j 2 f 1 ; : : : ; n g and i 6= j . The fol lowing statements ar e

e quivalent:

1. The two gener ators g

i

and g

j

in B ( M ) ar e c onjugate.

2. The vertic es v

i

and v

j

ar e stil l c onne cte d in the diagr am M if we er ase al l

e dges along which ther e is an even numb er.

3. The simple r o ots �

i

and �

j

ar e in the same W -orbit.

Pro of: Equiv alence of 1 and 2 is pro v ed as in [B, Ch. IV, x 1, prop. 3] (T ak e

S = f g

1

; : : : ; g

n

g and use m

ij

instead of the order of g

i

g

j

). No w �

i

and �

j

are

in the same W -orbit if and only if s

�

i

and s

�

j

are conjugate whic h is equiv alen t

to 2 b y the same prop osition. 2

The follo wing structure theorems of Chev alley and Briesk orn are of fundamen tal

imp ortance:

Theorem 3.1 (Chev alley) The algebr a of W -invariant p olynomials on V is

itself a p olynomial algebr a, i.e.:

P [ V ]

W

�

=

C [ P

1

; : : : ; P

n

]

Her e P

1

; : : : ; P

n

ar e homo gene ous of de gr e e d

i

:= m

i

+ 1 and satisfy no algebr aic

r elation. The orbit-sp ac e W n V is ther efor e isomorphic to an a�ne sp ac e [Ch].

De�nition 3.2 The p olynomial D 2 C [ X

1

; : : : ; X

n

] given by

D ( P

1

; : : : ; P

n

) =

Y

�> 0

( �

�

)

2

is c al le d the discriminan t of R . The zer o lo cus [ D = 0] is denote d by � . The

c omplement of � in C

n

is denote d by X .

The pro jection

P : V ! C

n

; P : v 7! ( P

1

( v ) ; : : : ; P

n

( v ))

is a rami�ed co v ering of degree j W j with branc h lo cus �. The automorphism

group of this co v ering is exactly W .

The C

�

-action on the v ectorspace V induces a C

�

-action on C

n

:
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De�nition 3.3 L et z = gcd( d

1

; d

2

; : : : ; d

n

) b e the or der of the c enter of W ,

(i.e. z 2 f 1 ; 2 g ). De�ne a C

�

-action by:

y � ( x

1

; x

2

; : : : ; x

n

) = ( y

d

1

x

1

; y

d

2

x

2

; : : : ; y

d

n

x

n

) ; any y 2 C

�

The quotient C

�

n ( C

n

nf 0 g ) wil l b e denote d by P

d

( C

n

) . It is c al le d a w eigh ted

pro jectiv e space with w eigh ts d

j

=z .

Note that P ( y � v ) = y � P ( v ) for an y y 2 C

�

and v 2 V , so the action restricts

to an action on X .

De�nition 3.4 L et I � f 1 ; 2 ; : : : ; n g have m elements. The subset

f P ( v ) j v 2 V ; ( �

i

; v ) = 0 i� i 2 I g

of � is c al le d a ( n � m ) -dimensional facet and if I = f i g a t yp e i re
ection

plane . The union of al l ( n � 1) -dimensional fac ets is c al le d the set of subregular

p oin ts .

Theorem 3.2 (Briesk orn) Pick a b asep oint x

o

2 E

+

, and write y

o

= P ( x

o

) .

The fundamental gr oup �

1

( X ; y

o

) is isomorphic to B ( M ) . Mor e over, if we de�ne

lo ops G

j

by

G

j

: [0 ; 1] ! X ; G

j

( t ) = P ( x

o

+

e

� i t

� 1

2

( x

o

; �

j

) �

j

)

then the homotopy classes of these lo ops gener ate the fundamental gr oup and

the map G

j

7! g

j

extends to an isomorphism.

Remark 3.1 If Y : [0 ; 1] ! X is given by

Y ( t ) = P ( e

2 � i t

z

x

o

)

then Y is homotopic to ( G

1

G

2

� � � G

n

)

h=z

. In p articular the latter element is

c entr al in the fundamental gr oup. Mor e over it even gener ates the c enter [D1].

W e will no w in tro duce mark ed Co xeter diagrams and truncated braid groups.

De�nition 3.5 A marke d Coxeter diagr am is a Coxeter diagr am M as b efor e

to gether with n inte gers p

1

; : : : ; p

n

al l at le ast 2 such that p

i

= p

j

if the vertic es

v

i

and v

j

ar e c onne cte d in the mo d 2 r e duc e d diagr am M . A marke d diagr am is

gr aphic al ly denote d by attaching the numb er p

i

to the vertex v

i

if p

i

> 2 .

F rom no w on, w e will write ( M ; p

1

; : : : ; p

n

) or simply ( M ; p ), when referring to

a mark ed diagram.
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De�nition 3.6 The trunc ate d br aid gr oup B ( M ; p ) asso ciate d to a marke d di-

agr am ( M ; p ) is a gr oup given by gener ators and r elations as fol lows:

B ( M ; p ) = h g

1

; : : : ; g

n

j ( g

i

; g

j

)

m

ij

= ( g

j

; g

i

)

m

j i

; g

p

i

i

= e; 1 � i � j � n i

W e no w construct a holomorphic family of represen tations of the braid group

B ( M ), the so-called r e
e ction r epr esentation . Throughout these notes, �

m

de-

notes the primitiv e ro ot of unit y exp (2 � i =m ).

De�nition 3.7 A m ultiplicit y parameter k : R ! C is a map which is c onstant

on W -orbits in R . We denote the sp ac e of al l multiplicity functions by K . F or

k 2 K we wil l sometimes write k

i

inste ad of k

�

i

.

As a C -v ector space, K is isomorphic to C

t

if t is the n um b er of W -orbits in R

(i.e. t 2 f 1 ; 2 g ).

De�nition 3.8 The restricted multiplicity p ar ameters ar e de�ne d by:

K

0

= f k 2 K j 0 < R e ( k

i

) <

1

2

; for al l i g[

f k 2 K j �

1

4

< R e ( k

i

) <

1

4

; for al l i g

Then for al l k 2 K

0

and i; j such that m

ij

> 2 :

R e (2(cos � ( k

i

� k

j

) + cos

2 �

m

ij

)) > 0

We de�ne holomorphic functions on K

0

by:

q

j

= exp( � 2 � i k

j

) ; for al l j

h

ij

=

8

>

<

>

:

q

1 = 2

j

+ q

� 1 = 2

j

If i = j

0 If i 6= j and m

ij

= 2

� (2(cos � ( k

i

� k

j

) + cos

2 �

m

ij

))

1 = 2

If i 6= j and m

ij

> 2

Her e we take 1

1 = 2

= 1 .

Observ e that h

ij

( k ) 6= 0 if m

ij

> 2 for all k 2 K

0

. W e will denote the canonical

basis of C

m

b y e

1

; : : : ; e

m

.

De�nition 3.9 L et for al l i , the matrix r

i

2 Mat ( n; O ( K

0

)) b e given by:

( r

i

)

mj

= �

mj

� �

mi

q

1 = 2

i

h

ij
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Theorem 3.3 The map % : f g

1

; : : : ; g

n

g ! Mat ( n; O ( K

0

)) mapping g

i

to r

i

extends to a anti-homomorphism on B ( M ) , i.e. a map % such that % ( g

1

g

2

) =

% ( g

2

) % ( g

1

) . Mor e over, if k 2 K

0

is real-v alued , then the matrix H = ( h

ij

) is

r e al-value d at k , symmetric and satis�es:

h

t

% ( g ) H % ( g )

i

( k ) = H ( k ) ; al l g 2 B ( M )

Pro of: As in [CIK, 9.1 & 9.3] if one tak es B ( �

r

; �

s

) = h

r s

and u

r

= q

� 1

r

. 2

Note that for an y k 2 K

0

the sp ecialisation % ( k ) is a right represen tation on

C

n

. The matrix r

i

( k ) is a complex re
ection with sp ecial eigen v alue � q

i

( k ). If

k 2 K

0

is real-v alued then r

i

( k ) is unitary with resp ect to H ( k ). Note that if w e

set k

i

= 0 for all i , w e just get the geometric right represen tation of a Co xeter

group (w.r.t. a basis of simple ro ots), in particular H (0) = (( �

i

; �

j

)).

Remark 3.2 Supp ose we ar e given two c omplex r e
e ctions a

1

, a

2

in C

2

:

a

i

( e

j

) = e

j

+ s

ij

e

i

If these r e
e ctions satisfy a br aid r elation of m factors then one c an pr ove that

s

12

s

21

= q

1

+ q

2

+ ( � + �

� 1

) q

1 = 2

1

q

1 = 2

2

wher e q

i

= � (1 + s

ii

) and � is a m

th

r o ot of unity. Now supp ose our Coxeter

diagr am M is a tr e e. Then the homomorphism % is up to c onjugation the unique

one such that

1. F or any k 2 K

0

, and any 1 � i � n , the sp e cialisation % ( k )( g

i

) is a

c omplex r e
e ction.

2. The sp e cial eigenve ctors of % ( k )( g

i

) , i = 1 ; : : : ; n sp an C

n

.

3. The sp e cialisation % (0) is the r e al r e
e ction r epr esentation.

One c an pr ove this by induction on n . Consider an extr emal no de fr om the

diagr am. This extr emal no de is c onne cte d to exactly one other no de of the

diagr am. This r e duc es the pr o of to a r ank two situation and ther e one uses the

fact that s

12

s

21

6= 0 .

De�nition 3.10 If ( M ; p ) is a marke d diagr am, and we take k 2 K

0

such that

k

i

= 1 = 2 � 1 =p

i

for al l i we de�ne the matrix gr oup G ( M ; p ) by

G ( M ; p ) = h r

i

( k ) j 1 � i � n i

The map g

i

7! r

i

( k ) extends to a homomorphism on B ( M ; p ) . We c al l G ( M ; p )

the geometric realisation of B ( M ; p ) .
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W e no w supp ose that M is connected and consists of at least t w o v ertices.

Theorem 3.4 De�ne k = ( k

1

+ : : : + k

n

) =n and q = exp ( � 2 � i k ) . Denote the

Coxeter element % ( g

1

g

2

� � � g

n

) by c

q

. The char acteristic p olynomial of c

q

( k ) is

given by:

P

c

q

( k )

( T ) =

n

Y

j =1

( T � q �

m

j

h

)

Pro of: By remark 3.1 w e kno w that c

q

( k )

h

comm utes with r

1

( k ) ; : : : ; r

n

( k ).

This implies that it is diagonal w.r.t. the basis e

1

; : : : ; e

n

. If m

ij

> 2 then

a computation sho ws that the diagonal en tries on the places i and j m ust b e

equal. This implies that c

q

( k )

h

is in fact a scalar times the iden tit y b ecause M

is connected. Sa y c

q

( k )

h

= � � 1

n

, then b y taking determinan ts w e see q

nh

= �

n

,

so � = �

m

n

q

h

for some m . Setting k

i

= 0 for all i , sho ws in fact that � = q

h

. So

all eigen v alues of c

q

( k ) are of the form �

m

h

q . Again considering k

i

= 0 �nally

pro v es the theorem. 2

Corollary 3.1 If k 2 K

0

then % ( k ) is a reducible r epr esentation of B ( M ) i�

q = �

m

j

h

for some j . Mor e over, if it is r e ducible then the only non trivial

invariant subsp ac e of C

n

is one dimensional.

Pro of: Because h

ij

6= 0 if m

ij

> 2 a non trivial in v arian t subspace of C

n

m ust

b e k ept p oin t wise �xed b y generators r

j

( k ). In particular the Co xeter elemen t

c

q

( k ) m ust ha v e an eigen v alue 1. This is the case i� q = �

m

j

h

for some j . On

the other hand, an y eigen v ector of c

q

( k ) with eigen v alue 1 is k ept �xed b y all

re
ections r

j

( k ). This pro v es the corollary . 2

W e no w consider Co xeter elemen ts asso ciated with sub diagrams of M . Let I

b e some subset of f 1 ; : : : ; n g suc h that the sub diagram M

0

of M spanned b y

the v ertices v

i

, i 2 I is connected. If # I = m , I = f i

1

; : : : ; i

m

g then let

c

I

q

= % ( g

i

1

� � � g

i

m

)

Theorem 3.5 If k 2 K

0

is such that % ( k ) is irr e ducible and c

I

q

( k ) has a non

zer o �xe d p oint in the subsp ac e

C

I

:= Sp an

C

f e

i

1

; : : : ; e

i

m

g � C

n

then c

I

q

( k ) is not semisimple. If c

I

q

( k ) = S + N is its Jor dan de c omp osition in

a semisimple and nilp otent p art r esp e ctively, then r ank ( N ) = 1 .

Pro of: Because % ( k ) is irreducible the �xed p oin t set of the endomorphism

c

I

q

( k ) is a linear subspace of dimension n � m (indeed c

q

( k ) has no non-zero �xed

p oin t). But b y our assumption the �xed p oin t set in tersects C

I

non trivially
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(and hence in a one dimensional subspace b y theorem 4). No w c

I

q

( k ) restricted

to the n � 1 dimensional space

C

I

+ Fixed p oin ts

is semisimple. Clearly 1 � c

I

q

( k ) maps C

n

in to C

I

so c

I

q

( k ) itself is not semisimple.

This pro v es the theorem. 2

F or real v alued k 2 K

0

w e no w compute the signature of the in v arian t Hermitean

form.

Theorem 3.6 L et the matrix H b e de�ne d as ab ove. The determinant of H is

given by:

det ( H ) = 2

n

n

Y

i =1

(cos � k + cos

m

i

�

h

)

Pro of: Due to Co xeter [C2]. F rom an exercise in Bourbaki ([B], Ch. V, x 6,

exerc. 3,4) w e kno w that:

det ( H ) = q

� n= 2

det (1 � c

q

)

Using theorem 4 w e obtain:

det ( H ) =

n

Y

j =1

( q

� 1 = 2

� q

1 = 2

�

m

j

h

) =

=

n

Y

j =1

( q

� 1 = 4

� q

1 = 4

�

m

j

2 h

)( q

� 1 = 4

+ q

1 = 4

�

m

j

2 h

) =

=

n

Y

j =1

( q

� 1 = 4

+ q

1 = 4

�

� m

j

2 h

)( q

� 1 = 4

+ q

1 = 4

�

m

j

2 h

) =

=

n

Y

j =1

( q

� 1 = 2

+ q

1 = 2

+ �

m

j

2 h

+ �

� m

j

2 h

) = 2

n

n

Y

j =1

(cos � k + cos

m

j

�

h

)

Here w e used the fact that m

j

+ m

n +1 � j

= h . 2

Corollary 3.2 If k 2 K is r e al value d and 0 � k

j

< 1 = 2 for al l j then H ( k ) is

1. p ositive de�nite i� 0 < 1 � hk � 1 .

2. p ar ab olic (i.e. p ositive semi de�nite with one-dimensional kernel) i� 1 �

hk = 0 .

3. hyp erb olic (i.e. has signatur e ( n � 1 ; 1) ) i� 1 � m

2

< 1 � hk < 0 .
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Pro of: Again from the same exercises in [B] one can deduce that, in case

k

i

= k all i , the eigen v alues of H are exactly 2(cos � k � cos

m

j

�

h

). So in this

case the signature of H can b e read o� as indicated. Ho w ev er, w e kno w that

the determinan t of H do es only dep end on k . Hence the signature of H do es

not c hange if w e v ary k

i

in suc h a w a y that k remains constan t. This pro v es the

corollary . 2

De�nition 3.11 If ( M ; p ) is a c onne cte d marke d diagr am and k 2 K

0

is such

that k

i

= 1 = 2 � 1 =p

i

, we c al l

� ( k ) = 1 � hk

the exp onen t of the marke d diagr am.

By using the w ell kno wn prop ert y ([B]) that the cyclic group generated b y the

Co xeter elemen t c of W has n orbits of length h on the ro ots R one deduces:

� ( k ) = 1 �

1

n

X

� 2 R

k

�

De�nition 3.12 We denote the tr ansp ose of % by %

�

, i.e.:

%

�

( g ) =

t

% ( g ) ; g 2 B ( M )

In p articular for any k 2 K , %

�

( k ) is a (left) r epr esentation of B ( M ) . L et

H

�

2 Mat ( n; O ( K

0

)) b e given by:

H

�

= det( H ) H

� 1

(This is wel l de�ne d, mor e over this is just the minor matrix of H ).

Theorem 3.7 If k 2 K

0

is r e alvalue d, then H

�

( k ) is a non-trivial invariant

Hermitian form for the tr ansp ose %

�

( k ) at k . Mor e over, if H ( k ) is p ositive

de�nite, then H

�

( k ) is also p ositive de�nite. If H ( k ) is p ar ab olic, then H

�

( k ) is

p ositive semi-de�nite, and has an n � 1 dimensional kernel. If H ( k ) is hyp erb olic,

then te signatur e of H

�

( k ) is (1 ; n � 1) .

Pro of: Because H ( k ) is at least of rank n � 1, the matrix H

�

( k ) is at least of

rank one. Then H

�

( k ) is clearly a non-trivial Hermitian form for %

�

( k ). The

statemen ts for the elliptic and h yp erb olic cases are clear. If H ( k ) is parab olic,

the statemen t follo ws from the equalit y H ( k ) H

�

( k ) = 0. 2

T o end this section w e construct the lo garithmic r e
e ction r epr esentation of

B ( M ). Let k 2 K

0

b e suc h that � ( k ) = 0. Then % ( k ) has a non-zero �xed

p oin t in C

n

unique upto scalar m ultiples. Let �

j

= % ( k ; g

j +1

� � � g

n

) e

j

for j 2
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f 1 ; : : : ; n g . Let x

j

2 C b e suc h that � :=

P

j

x

j

�

j

is a non-zero �xed p oin t of

% ( k ). De�ne endomorphisms ~r

1

( k ) ; : : : ; ~r

n

( k ) of C

n +1

b y

~r

i

( k ) e

j

=

�

r

i

( k ) e

j

If j � n

e

n +1

+ x

i

e

i

If j = n + 1

Then the map ~% ( k ) : B ( M ) ! End ( C

n +1

), ~% ( k ; g

j

) := ~r

j

( k ) extends to a

righ t represen tation of B ( M ) called the lo garithmic r e
e ction r epr esentation .

One c hec ks that ~% ( k ; g

1

� � � g

n

) e

n +1

= e

n +1

+ � and hence ~% ( k ; g

1

� � � g

n

) has a

nilp oten t part of rank one.

Lemma 3.2 The only non trivial invariant subsp ac es of the lo garithmic r e
e c-

tion r epr esentation ar e C � and Sp an

C

f e

1

; : : : ; e

n

g . Her e � denotes a �xe d ve ctor

(unique upto a sc alar).

Pro of: The logarithmic represen tation restricted to A := Span

C

f e

1

; : : : ; e

n

g is

equiv alen t to the re
ection represen tation. Hence the only in v arian t subspaces

con tained in A are f 0 g , C � and A . If B is a non-trivial in v arian t subspace

not con tained in A , then B \ A is at most one dimensional. hence B is at

most t w o dimensional and con tains a v ector of the form e

n +1

+ a , a 2 A . The

endomorphism 1 � ~% ( k ; g

j

) maps B in to B \ C e

j

= f 0 g . Hence B m ust b e

k ept p oin t wise �xed b y the logarithmic represen tation. Ho w ev er, let the cen tral

elemen t act on e

n +1

+ a 2 B to obtain

~% ( k ; ( g

1

� � � g

n

)

h

)( e

n +1

+ a ) = e

n +1

+ a + x�

for some non zero x 2 C . This sho ws that ev ery non trivial in v arian t subspace

is con tained in A . 2

3.3 The Dunkl connection

Notations as in the previous section. W e will assume that the ro ot system R is

irr e ducible and of full rank in E . Let ( k

�

j � 2 R ) b e a W -in v arian t m ultiplicit y

parameter on the ro ots. Let � : W ! End ( H ) b e a represen tation of the Co xeter

group W . Denote the sheaf of lo cal holomorphic sections in the trivial bundle

V

r eg

� H o v er V

r eg

b y A

0

( H ). Let

A

1

( H ) = 


1

( V

r eg

) 


O

V

r eg

A

0

( H )

The Dunkl c onne ction on A

0

( H ) is giv en b y:

r ( k ) : A

0

( H ) ! A

1

( H )

r ( k ) h =

X

�> 0

k

�

�

�

d�

�


 (1 � � ( s

�

)) h
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Note that b y describing ho w r ( k ) acts on the constan t sections it is completely

determined as a connection. The action of W on V

r eg

naturally extends to an

action on A

�

( H ) b y acting as � on the constan t global sections.

Theorem 3.8 (Dunkl) The c onne ction r ( k ) c ommutes with the W -action

and has zer o curvatur e, i.e. is c ompletely inte gr able.

Pro of: Omitted. 2

W e will concen trate on the case that � is the re
ection represen tation of W . F or

tec hnical reasons whic h will b ecome clear in a momen t w e tak e the re
ection

represen tation on the di�eren tials �

1

V rather than on V itself. In particular

A

�

(�

1

V ) = 


�


 


1

. The re
ection represen tation acts b y

� ( w ) d�

�

= d ( w � )

�

for all w 2 W , � 2 V . Substituting this in the form ula for the Dunkl connection

yields:

r ( k ) d�

�

=

X

�> 0

k

�

( �; � )

�

�

d�

�


 d�

�

Let �

1

; : : : ; �

n

2 E denote an orthonormal basis for V . One c hec ks that a lo cal

section ! =

P

i

f

i

d�

�

i

is 
at for the Dunkl connection i�

d f

i

+

X

�> 0

k

�

! ( @

�

)( �; �

i

)

�

�

d�

�

= 0

for all i . T o obtain results ab out 
at sections w e need the follo wing lemma.

Lemma 3.3 F or any �; � 2 V the fol lowing e quality holds:

X

�> 0

k

�

( �; � )( �; � ) = � � ( �; � )

Her e � = � ( k ) is given by:

� ( k ) =

2

n

X

�> 0

k

�

Pro of: The sum on the left hand side is a W -in v arian t bilinear symmetric form

on V . Because W acts irreducible on V it m ust b e a constan t � times the form

( � ; � ). And w e deduce:

� n =

n

X

i =1

� ( �

i

; �

i

) =

X

�> 0

k

�

(

n

X

i =1

( �; �

i

) �

i

; � ) =

=

X

�> 0

k

�

( �; � ) = 2

X

�> 0

k

�

This pro v es the lemma. 2
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Corollary 3.3 If ! =

P

i

f

i

d�

�

i

is a 
at lo c al se ction then

n

X

i =1

�

�

i

d f

i

= � � !

Pro of: Using 
atness of ! w e get

n

X

i =1

�

�

i

d f

i

= �

X

�> 0

k

�

! ( @

�

) d�

�

=

= �

X

i;j

f

i

X

�> 0

k

�

( �; �

i

)( �; �

j

) d�

�

j

= � �

X

i

f

i

d�

�

i

= � � !

This pro v es the corollary . 2

Denote the Euler �eld

P

i

�

�

i

@

�

i

on V

r eg

b y E .

Theorem 3.9 L et ! b e a 
at lo c al se ction and � = � ( k ) = 1 � � ( k ) . Then

d [ ! ( E )] = � ! and E ! ( E ) = � ! ( E ) .

Pro of: Let f

i

b e suc h that ! =

P

i

f

i

d�

�

i

. Then

d [ ! ( E )] = d [

X

i

f

i

�

�

i

] = ! +

X

i

�

�

i

d f

i

= � !

and

E ! ( E ) = E

X

i

f

i

�

�

i

= ! ( E ) +

X

i;j

@

�

j

f

i

�

�

j

�

�

i

=

= ! ( E ) +

X

i

�

�

i

d f

i

( E ) = � ! ( E )

This pro v es the theorem. 2

Note that the second statemen t of the theorem just states that the holomorphic

function ! ( E ) is homogeneous of degree � .

Theorem 3.10 The C -line ar op er ator r ( k ) d on O

V

r eg

has lo c al ly an ( n + 1) -

dimensional kernel everywher e on V

r eg

.

Pro of: First note that f is in the k ernel of r ( k ) d i�

"

@

�

@

�

+

X

�> 0

k

�

�

�

( �; � )( �; � ) @

�

#

f = 0

for all �; � 2 V . W e will call suc h an f a solution of r ( k ) d . Suc h a solution

is completely determined b y its �rst order T a ylor part. Hence the k ernel is at

most ( n + 1)-dimensional.
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No w assume that the m ultiplicit y parameter k is suc h that � = � ( k ) 6= 0.

Then if ! lo cally runs o v er the 
at sections of r ( k ), the functions ! ( E ) span

an n -dimensional subspace of the k ernel of r ( k ) d all of homogeneous degree

� 6= 0. T ogether with the constan ts, this yields that the k ernel is exactly

( n + 1)-dimensional. The co e�cien ts of solutions dep end p olynomially on k ,

so the op erator r ( k ) d has an ( n + 1)-dimensional k ernel for all v alues of k . 2

There is a nice w a y to reform ulate this result in terms of connections. Consider

the follo wing mapping (sheafs are o v er V

r eg

):

~

r ( k ) : O � 


1

! 


1


 ( O � 


1

)

~

r ( k )( f + ! ) = ( d f � ! ) 
 1 + r ( k ) !

One readily c hec ks that

~

r ( k ) is a connection.

Theorem 3.11 The c onne ction

~

r ( k ) is c ompletely inte gr able and r e gular sin-

gular along the r e
e ction planes.

Pro of: A lo cal section f + ! is 
at i� ! = d f and r ( k ) d f = 0. By the

previous theorem, there are su�cien tly man y of suc h f to conclude complete

in tegrabilit y . That the connection is regular singular is clear from the explicit

form ula for r ( k ). 2

This result sho ws that the theory of regular singular in tegrable connections

applies to solutions of r ( k ) d .

Remark 3.3 One che cks that a solution f of r ( k ) d also satis�es

"

n

X

i =1

@

2

�

i

+

X

�> 0

2 k

�

�

�

@

�

#

f = 0

The op er ator b etwe en squar e br ackets is a deformation in the p ar ameter k of

the euclide an L aplac e op er ator and is sometimes denote d by L ( k ) . If R is a

crystal lo gr aphic r o ot system and k takes some sp e ci�c values, L ( k ) turns up as

the r adial p art of the laplacian on the tangent sp ac e of a R iemannian symmetric

sp ac e. The op er ator L ( k ) ( R de�ne d over R , k arbitr ary) was studie d extensively

by E. Op dam in a p ap er ab out multivariable Bessel functions asso ciate d to r o ot

systems [O].

Observ e that the group W acts naturally on A

�

( C � �

1

V ) and this action com-

m utes with

~

r ( k ). This enables us to construct the mono drom y represen tation

for the quotient W n V

r eg

b y analytic con tin uation of solutions of r ( k ) d .

T ak e v 2 V

r eg

; k 2 K . Consider r d as an op erator on the stalk of holomorphic

germs O

( k ;v )

(i.e. view the parameter k in r as an additional v ariable). It

is w ell kno wn that the solutions then form a free O

k

mo dule of rank n + 1.
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Hence lo cal solutions of r d near v can b e considered as a v ector bundle F

v

o v er K . An y w 2 W induces a canonical v ector bundle isomorphism �

w

of F

v

on to F

w ( v )

. If S is a regular W -orbit w e can iden tify the bundles F

v

, v 2 S

b y the isomorphisms �

w

. This yields a v ector bundle F

S

o v er K of rank n + 1.

The �bre of F

S

at k 2 K will b e denoted b y F

S

( k ). Lifting lo ops in W n V

r eg

to W b y the pro jection together with analytic con tin uation yields a canonical

an ti-homomorphism

� : �

1

( W n V

r eg

; S )

�

=

B ( M ) ! End( F

S

) :

By sp ecialising k w e get a right represen tation � ( k ) on the v ector space F

S

( k ).

W e write � ( k ; g ) for � ( k )( g ). T o study these represen tations w e will compute

the exp onen ts of r ( k ) d along the re
ection planes.

Lemma 3.4 Supp ose k 2 K

0

. A long a plane �

�

= 0 , the exp onents of r ( k ) d

ar e 0 with multiplicity n and 1 � 2 k

�

with multiplicity one.

Pro of: That these are the only t w o exp onen ts o ccuring along �

�

= 0 follo ws

b y letting L ( k ) act on a solution of the form ( �

�

)

�

f for some exp onen t � and a

holomorphic function f . If w e tak e k = 0 then solutions are just p olynomials

of degree at most one, i.e. exp onen ts 0 and 1 app ear with m ultiplicit y n and 1

resp ectiv ely . Because the exp onen ts 0 and 1 � 2 k

�

do not coincide if k ranges

o v er K

0

, these m ultiplicities can not c hange. 2

Theorem 3.12 L et k 2 K

0

and 1 � m

2

< R e ( � ( k )) � 1 . If � ( k ) 6= 0 then

� ( k ) is e quivalent to the sum of the trivial r epr esentation and the r e
e ction

r epr esentation % ( k ) of B ( M ) (as right r epr esentations). If � ( k ) = 0 then � ( k )

is e quivalent to the lo garithmic r e
e ction r epr esentation.

Pro of: If � ( k ) 6= 0 then the represen tation � ( k ) splits in the trivial for the

constan t function and an n -dimensional for the homogeneous degree � part.

Ho w ev er, � ( k ; g

j

) is a complex re
ection with eigen v alue � q

j

, and for k = 0,

� (0) splits as indicated. The (con tin uous) deformation in k can only b e done in

one w a y as w e observ ed in the previous section. This settles the � 6= 0 case.

If � ( k ) = 0 then for an y r ( k )-
at section ! w e computed that d [ ! ( E )] = 0.

Hence ! ( E ) is a constan t for all suc h sections. A t an y p oin t in V

r eg

the v alue

of a r ( k ) 
at section can b e prescrib ed freely , sho wing that ! ( E ) is not zero for

all 
at sections. The exterior deriv ativ e d maps the solutions of r ( k ) d on to the

r ( k ) 
at sections. A solution f is homogeneous of degree 0 i� ( d f )( E ) v anishes at

some p oin t in V

r eg

(b ecause it is then constan t and equal to zero). Ho w ev er, at

an y p oin t in V

r eg

the �rst order part of f can b e prescrib ed freely . This implies

that the solutions of r ( k ) d of homogeneous degree � ( k ) form an n -dimensional

subspace for all v alues of k . The v ector space of germs of homogeneous solutions

of r ( k ) d at v 2 V

r eg

is denoted b y E

v

( k ).
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The op erator E � � ( k ) is an endomorphism of F

S

and its k ernel is a subbundle

of F

S

of rank n , in v arian t under mono drom y . Denote this bundle b y E

S

. As

endomorphism of E

S

, the elemen t � ( g

1

� � � g

n

) has the c haracteristic p olynomial:

n

Y

j =1

( T � q �

m

j

h

)

Sp ecializing k in this p olynomial at some �xed v alue, alw a ys yields a p olynomial

with n distinct ro ots. Note that bundles o v er K are trivial and hence there exists

a global non v anishing section f

c

2 �( F

S

) suc h that

� ( g

1

� � � g

n

) f

c

= exp(2 � i

� ( k )

h

) f

c

The v ector f

c

( k ) b eing unique up to a scalar m ultiple, w e ma y assume that

f

c

( k ) = 1 (as a constan t function) if � ( k ) = 0. Similarly w e get non v anishing

sections e

1

; : : : ; e

n

on K

0

in E

S

suc h that

� ( g

i

) e

j

=

n

X

l =1

( r

i

)

lj

e

l

for all i; j . Consider the function

` =

f

c

� 1

� ( k )

Note that it is in O

K �f v g

, b ecause f

c

� 1 v anishes iden tically if � ( k ) = 0. By

con tin uit y in k , w e conclude r d` = 0, so ` is in fact a global section in the

bundle F

S

. Analytic con tin uation giv es:

� ( g

1

� � � g

n

) ` =

exp(2 � i� ( k ) =h ) f

c

� 1

� ( k )

= exp(2 � i

� ( k )

h

) ` +

exp(2 � i� ( k ) =h ) � 1

� ( k )

F or � ( k ) = 0 w e get

� ( k ; g

1

� � � g

n

) ` ( k ) = ` ( k ) +

2 � i

h

Similarly one sho ws that (con tin uing ` ( k ) through V

r eg

)

` ( k ; x� ) = ` ( k ; � ) + log ( x )

for all x 2 C

�

, � 2 V

r eg

. All transformations � ( g

j

) are complex re
ections and

the action of � ( g

1

� � � g

n

) on ` sho ws in particular that if � ( k ) = 0

1 2 Span

C

f e

1

( k ) ; : : : ; e

n

( k ) g

This implies that the functions e

j

( k ) are linearly indep enden t (o v er C ) b ecause

up to a scalar there is exactly one linear com bination of these functions whic h

is mono drom y in v arian t. This sho ws that � ( k ) is the logarithmic re
ection

represen tation if � ( k ) = 0. 2
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3.4 The ev aluation mapping

Let S b e a regular W -orbit and U a simply connected neigh b orho o d of S in

W n V

r eg

. By iden tifying the dual bundles F

�

v

, v 2 S b y the duals of the iso-

morphisms �

w

w e get the dual bundle F

�

S

. W e iden tify �

1

( W n V

r eg

; S ) and

B ( M ) using Briesk orn's theorem and sometimes call elemen ts of B ( M ) lo ops.

T ransp osing � yields a (left) represen tation

�

�

: B ( M ) ! End ( F

�

S

) :

There is a canonical holomorphic mapping ev : K � U ! F

�

S

in to the dual

bundle giv en b y:

1. F or all u 2 U , k 7! ev ( k ; u ) is a global section in F

�

S

.

2. ev ( k ; u )( f ) := f ( u ). Here f is an elemen t of the �bre F

S

( k ).

Note that the ev aluation f ( u ) in 2 is w ell de�ned and indeed de�nes a section

in F

�

S

.

The name ev stands for evaluation . This ev aluation mapping extends to a m ulti

v alued holomorphic mapping ev of K � ( W n V

r eg

) in to F

�

S

. F or �xed k 2 K w e

denote b y ev ( k ) the m ulti v alued holomorphic mapping ev ( k ; � ) of W n V

r eg

in to

the dual of the �bre F

S

( k ).

Before stating some prop erties of the ev aluation mapping w e in tro duce the

Wr onskian of r ( k ) d . Let �

1

; : : : ; �

n

2 V b e a basis and let f

0

; : : : ; f

n

b e a

basis of lo cal solutions of r ( k ) d .

De�nition 3.13 The W ronskian of r ( k ) d is de�ne d up to non-zer o sc alar mul-

tiplic ation by:

J := det

0

B

B

B

B

B

B

@

f

0

@

�

1

f

0

: : : @

�

n

f

0

f

1

@

�

1

f

1

: : : @

�

n

f

1

.

.

.

.

.

.

.

.

.

f

n

@

�

1

f

n

: : : @

�

n

f

n

1

C

C

C

C

C

C

A

Note that J is indeed indep enden t of the c hoice of basis up to a non zero scalar

m ultiple.

Lemma 3.5 The Wr onskian of r ( k ) d is given by:

J =

Y

�> 0

( �

�

)

� 2 k

�
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Pro of: F rom the de�nition of the W ronskian as a determinan t one deduces

that J satis�es

"

@

�

+

X

�> 0

2 k

�

( �; � )

�

�

#

J = 0

for all � 2 V . The prop osed pro duct form ula for J satis�es all these equations.

This pro v es the lemma. 2

By iden tifying W n V

r eg

and X using the Chev alley pro jection P w e will hence-

forth consider ev as a m ultiv alued holomorphic mapping on K � X .

Theorem 3.13 F or any k 2 K the mapping ev ( k ) satis�es the fol lowing pr op-

erties:

1. It maps lo c al ly biholomorphic al ly into an a�ne subsp ac e A ( k ) of F

�

S

( k ) .

2. Continuing ev ( k ) along a lo op g 2 B ( M ) yields �

�

( k ; g ) ev ( k ) .

3. Ne ar a subr e gular p oint x , we c an pick lo c al c o or dinates y

1

; : : : ; y

n

and c er-

tain line ar c o or dinates of F

�

S

( k ) such that ne ar x , the evaluation mapping

has the fol lowing form:

ev ( k ) = ( y

1

2

� k

j

1

; y

2

; : : : ; y

n

; 1)

Pro of: Ev aluation of the constan t function 1 at an y p oin t yields 1, pro ving

that it maps in to an a�ne subspace of F

�

S

( k ) whic h w e will denote b y A ( k ).

That ev aluation ev ( k ) is lo cally biholomorphic ev erywhere follo ws from the fact

that d f for a solution f of r ( k ) d can b e prescrib ed freely at an y p oin t of V

r eg

.

This pro v es 1. Statemen t 2 is clear.

Near x , there are holomorphic functions

x

1

; : : : ; x

n

; 1

suc h that none of them is (lo cally) divisible b y the discriminan t D and the

pullbac ks b y P of the follo wing functions form a basis of F

W y

( k ) for y near x :

D

1

2

� k

j

x

1

; x

2

; : : : ; x

n

; 1

The W ronskian tak es the form (with P

1

; : : : ; P

n

the standard co ordinates on

C

n

):

D

� k

j

x

1

� det

�

@ ( D ; x

2

; : : : ; x

n

)

@ ( P

1

; : : : ; P

n

)

�

+ higher order terms of D

Hence b oth x

1

and det (

@ ( D ;x

2

;::: ;x

n

)

@ ( P

1

;::: ;P

n

)

) are non-v anishing near x . The follo wing

are indeed co ordinates near x :

y

1

= D � x

(

1

2

� k

j

)

� 1

1

; y

2

= x

2

; : : : ; y

n

= x

n
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With resp ect to these co ordinates, the ev aluation mapping can b e written as

stated in 3. 2

Corollary 3.4 L et y

1

; : : : ; y

n

b e c o or dinates ne ar x as ab ove. Supp ose that

k

j

=

1

2

�

1

p

j

, for some p

j

2 f 2 ; 3 ; : : : g . The c omp osition

ev ( k ) � ( y

p

j

1

; y

2

; : : : ; y

n

)

extends lo c al ly biholomorphic al ly to a neighb orho o d of x . (It is in fact the iden-

tity mapping).

Pro of: This is clear if w e write ev ( k ) in the co ordinates y

1

; : : : ; y

n

also. 2

Our lo cal analysis of the ev aluation mapping rev eals its branc hing b eha viour at

subregular p oin ts of the discriminan t. W e use this analysis later on to study

branc hing b eha viour of co v erings at the other singular p oin ts also.

Consider the subbundle E

S

of F

S

in tro duced in the previous section. It is stable

under mono drom y and hence w e also ha v e a mono drom y represen tation �

�

on

E

�

S

. The natural restriction mapping

R es ( k ) : F

�

S

( k ) ! E

�

S

( k )

is a surjectiv e in tert wining op erator. If � ( k ) 6= 0 the v ector space E

S

( k ) is

complemen ted b y the constan t functions in F

S

( k ). In this case, restriction

induces an e quivalenc e b et w een the annihilator of the constan t functions and

E

�

S

( k ).

In section 3.5 and 3.7 w e will study r estricte d ev aluation Rev := R es � ev instead

of ev aluation itself b ecause the constan t functions do not pla y an imp ortan t role

there. The constan ts do pla y an imp ortan t role ho w ev er in the parab olic theory .

Hence in section 3.6 w e will study the mapping ev .

3.5 The elliptic case

Throughout this section w e assume that w e ha v e c hosen the marks at the no des

of a �nite irreducible Co xeter diagram in suc h a w a y that it b ecomes elliptic.

This means that the exp onen t of the mark ed diagram (and hence of all its con-

nected sub diagrams) is p ositiv e, or equiv alen tly , that the in v arian t Hermitean

form H for the standard re
ection represen tation is p ositiv e de�nite. The cor-

resp onding m ultiplicit y parameter k is giv en b y k

i

= 1 = 2 � 1 =p

i

.

Let � :

e

X ! X b e the univ ersal co v ering of the discriminan t complemen t.

Iden tify Aut (

e

X j X ) and B ( M ). W e lift the mapping Rev to a single v alued

mapping fev :

e

X ! E

�

S

( k ). Let �( p ) b e the smallest normal subgroup of B ( M )
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con taining g

p

1

1

; : : : ; g

p

n

n

. Let X

u

( p ) := �( p ) n

e

X . An y p

j

-fold lo op around a

t yp e j re
ection plane induces the iden tit y automorphism of X

u

( p ) and it is

univ ersal with resp ect to this prop ert y . The pro jection � induces a pro jection

�

u

: X

u

( p ) ! X . W e refer to X

u

( p ) as the universal c overing of X of lo c al

de gr e e p . In the elliptic case, this co v ering can b e extended v ery nicely , in the

sense of the follo wing theorem.

Theorem 3.14 Supp ose k 2 K is given by k

j

= 1 = 2 � 1 =p

j

for some inte gers

p

j

2 Z

� 2

. If � ( k ) > 0 ther e exists a r ami�e d c overing �

r

: X

r

( p ) ! C

n

,

br anching along � with lo c al de gr e es p

j

, such that X

u

( p ) = �

� 1

r

( X ) and �

u

is

just the r estriction of �

r

.

Pro of: During the pro of w e construct the comm uting diagram sho wn in �gure

3.1, consisting of co v ering maps and sev eral functions related to ev aluation.

X

C

n

nf 0 g

C

n

X

u

( p ) X

�

r

( p ) X

r

( p )

e

X

E

�

S

( k )

- -

? ? ?

?

- -














�

6

-

ev

�

r

ev

u

fev

Figure 3.1: The elliptic case.

W e pro v e the theorem b y induction on the rank n . In rank one this is just the

remark that the mapping

�

p

: C

�

! C

�

; �

p

: z 7! z

p

can b e extended to C (with image C ) . No w assume that suc h branc hed co v erings

exist for all elliptic diagrams of rank less than n . T ak e a singular p oin t x 2

� nf 0 g . There exist lo cal co ordinates on a neigh b orho o d U of x suc h that U \ X

is biholomorphically equiv alen t with a pro duct

U \ X

�

=

�

m

1

� U

1

� : : : � U

s

Here eac h U

j

denotes the complemen t of a discriminan t of a parab olic irreducible

sub ro ot system in a p olydisc. F or example, tak e the diagram of A

3

, n um b er

the corresp onding simple ro ots from left to righ t.

If w e tak e x the Chev alley image of a p oin t stable exactly under the �rst t w o

simple re
ections, then a small neigh b orho o d w ould lo ok lik e

U \ X

�

=

�

1

� (�

2

1

n �( A

2

))
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where �( A

2

) denotes a discriminan t of t yp e A

2

. If x is the Chev alley image of

a p oin t stable exactly under the �rst and third simple re
ection suc h a neigh-

b orho o d w ould lo ok lik e:

U \ X

�

=

�

1

� �

�

1

� �

�

1

Where �

�

1

denotes the punctured disc. Because the sub diagrams ha v e lo w er rank

and are of elliptic t yp e, w e conclude b y induction that there exists a rami�ed

co v ering

�

U

: X

r am

( p; U ) ! U

suc h that �

� 1

U

( U \ X ) is universal of de gr e e p o v er U \ X . While fev branc hes

with the righ t orders along � it descends to a lo cally biholomorphic function

ev

u

on �

� 1

U

( U \ X ). Moreo v er, considering theorem 3.13, ev

u

extends lo cally

biholomorphically o v er the �

U

pre image of all sub regular p oin ts in U .

The preimage of the non subregular part of U is strati�ed in strata whic h are all

of co dimension at least t w o. Using the isomorphism theorem from section 1.1

w e conclude that ev

u

extends lo cally biholomorphically o v er all of X

r am

( p; U )

to a mapping ev

�

r

.

Ev ery co v ering automorphism of X

r am

( p; U ) �xes the pre image of x 2 U .

Hence the only automorphism whic h �xes the mapping ev

�

r

is the iden tit y . An y

connected comp onen t of the pre image �

� 1

u

( U ) � X

u

( p ) is a quotien t of the

univ ersal degree p co v ering �

� 1

U

( U \ X ). Ho w ev er, b ecause ev

�

r

m ust b e con-

stan t on �bres of this quotien t mapping, w e conclude b y the previous remark

that a connected comp onen t of �

� 1

u

( U ) is in fact isomorphic to this univ ersally

branc hed co v ering. Hence all lo cal extensions �t together and w e get a rami�ed

co v ering �

�

r

: X

�

r

( p ) ! C

n

nf 0 g con taining X

u

( p ) as a sub co v ering. Moreo v er,

ev

u

extends lo cally biholomorphically o v er all of X

�

r

( p ) to a mapping ev

�

r

.

It remains to sho w that w e can extend X

�

r

( p ) o v er the origin. W e pro v e this

b y using a top ological argumen t and again Hartog's theorem. It turns out that

ev

�

r

is glob al ly biholomorphic on X

�

r

( p ) with image E

�

S

( k ) nf 0 g . Let e

1

; : : : ; e

n

b e

a basis of E

S

( k ), where e

1

; : : : ; e

n

are c hosen as in the end of section 3.3. Let

e

�

1

; : : : ; e

�

n

b e the dual basis of E

�

S

( k ). As in de�nition 3.12 let H

�

( e

�

i

; e

�

j

) = H

�

ij

b e a �

�

( k )-in v arian t hermitian form. W e de�ne a �

�

( k )-in v arian t metric d on

E

�

S

( k ) b y:

d ( a; b )

2

:= H

�

( a � b; a � b )

jj v jj := d ( v ; 0)

F or an y � > 0 denote the ball with radius � cen tered at a 2 E

�

S

( k ) b y

B

d

( �; a ) := f b 2 E

�

S

( k ) j d ( a; b ) < � g

W e call a p oin t y 2 X

�

r

( p ) � -wide if it has a neigh b orho o d X

y

suc h that ev

�

r

maps X

y

biholomorphically on to the ball B

d

( �; ev

�

r

( y )). W e will see that there
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exists an � > 0 suc h that every y 2 X

�

r

( p ) is ( jj ev

�

r

( y ) jj � � )-wide. T o �nd suc h

an � consider for eac h N 2 f 1 ; 2 ; : : : g the follo wing set:

X

N

= f x 2 X

�

r

( p ) j x is � -wide, for some � >

jj ev

�

r

( x ) jj

N

g

Then one easily c hec ks:

1. X

N

is op en for all N .

2. If N � M then X

N

� X

M

.

3. Eac h X

N

is Aut( X

�

r

( p ) j C

n

nf 0 g ) in v arian t and pro jects on to a w eigh ted

C

�

in v arian t subset of C

n

nf 0 g .

4. Eac h x 2 X

�

r

( p ) is con tained in some X

N

.

Observ ations 1, 3 and 4 imply that the pro jections of the sets X

N

form a co v ering

of P

d

( C

n

) with op en sets. The space P

d

( C

n

) b eing compact, this implies that

X

�

r

( p ) is already co v ered b y �nitely man y sets X

N

1

; : : : ; X

N

m

. No w 2 implies

that X

�

r

( p ) = X

N

for some N 2 f 1 ; 2 ; : : : g . Then w e can tak e � = 1 = N . It

follo ws that if w e ha v e an in v erse for ev

�

r

on some neigh b orho o d of a 2 E

�

S

( k ),

then this lo cal in v erse automatically extends to an in v erse of ev

�

r

on at least

B

d

( � jj a jj ; a ). Hence ev ery lo cal in v erse can b e extended holomorphically to all

of E

�

S

( k ) nf 0 g b ecause this is a simply connected set.

This in turn implies that ev

�

r

is globally injectiv e, b ecause f x 2 X

�

r

( p ) j ev

�

r

( x ) 6=

0 g is connected. No w ev

�

r

cannot attain the v alue 0, for supp ose ev

�

r

( x ) = 0,

then ev

�

r

w ould b e constan t on the �

�

r

�bre con taining x , violating the injectivit y

of ev

�

r

. This pro v es that ev

�

r

maps X

�

r

( p ) biholomorphically on to E

�

S

( k ) nf 0 g .

Let � b e a holomorphic in v erse of ev

�

r

on E

�

S

( k ) nf 0 g . The comp osition �

�

r

� �

can b e extended to E

�

S

( k ) (Hartog) rev ealing E

�

S

( k ) as the univ ersal branc hed

co v ering of C

n

branc hing with the prescrib ed indices along the subregular p oin ts.

This clearly pro v es theorem 3.14. 2

W e rep eat the imp ortan t observ ation at the end of the pro of in the next theorem.

Theorem 3.15 If the marke d Coxeter diagr am is of el liptic typ e, the multival-

ue d mapping Rev ( k ) has a single value d inverse �

r

: E

�

S

( k ) ! C

n

. Mor e over, �

r

is the universal ly br anche d c overing br anching along the subr e gular p oints with

the pr escrib e d indic es p

j

.

Pro of: 2

W e can no w easily dra w some remark able consequences from this theorem. The

follo wing facts w ere already kno wn, but pro ofs for corollaries 3.6 [C] and 3.7 [OS]

where only pro vided b y (non-trivial) case b y case c hec kings using a computer.
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Corollary 3.5 If a marke d Coxeter diagr am is el liptic, the asso ciate d c omplex

r e
e ction gr oup is �nite. L et z b e the or der of the c enter of W and � the exp onent

of the marke d diagr am. Then z =� is an inte ger and the or der of the c omplex

r e
e ction gr oup e quals j W j �

� n

.

Pro of: F rom (w eigh ted) homogeneit y of the co v ering �

r

w e conclude that it is

�nite (it is lo cally �nite at 0 2 E

�

S

( k )). The degrees of �

r

are d

j

=� , 1 � j � n .

This sho ws that z =� is an in teger b ecause z = gcd ( d

1

; : : : ; d

n

). The order of a

re
ection group is the pro duct of its degrees. Hence the order of the complex

re
ection group equals j W j �

� n

. 2

Corollary 3.6 (Co xeter) A �nite r e
e ction gr oup asso ciate d with an el liptic

c onne cte d marke d Coxeter diagr am has the fol lowing pr esentation:

h r

1

; : : : ; r

n

j r

p

j

j

= e; j 2 f 1 ; : : : ; n g

( r

i

; r

j

)

m

ij

= ( r

j

; r

i

)

m

j i

1 � i < j � n i

Her e the m

ij

denote the Coxeter inte gers of the diagr am

Pro of: Suc h a group is just the group of automorphisms of the univ ersally

rami�ed co v ering, hence isomorphic to a braid group mo dulo order relations. 2

Corollary 3.7 (Orlik & Solomon) The primitive homo gene ous invariants

Q

1

; : : : ; Q

n

2 P [ C

n

]

G

of a �nite c omplex r e
e ction gr oup G asso ciate d with an el liptic marke d Coxeter

diagr am, c an b e chosen in such a way that the mapping ( Q

1

; Q

2

; : : : ; Q

n

) is a

r ami�e d c overing of C

n

with br anch lo cus � .

Pro of: Just note that the co v ering mapping �

r

is a w eigh ted homogeneous p oly-

nomial mapping. Hence its co ordinates are primitiv e homogeneous in v arian ts

for the re
ection group G . 2

3.6 The parab olic case

In this section w e will assume that the mark ed diagram ( M ; p ) is of parab olic

t yp e, i.e. � = 0 and M has rank n . This implies also that all connected

sub diagrams are of elliptic t yp e. The C

�

-action on X lifts to a C -action on

e

X

according to the comm uting diagram in �gure 3.2.

This action is fr e e , indeed x 7! 1 � x is just the action of the cen tral elemen t

( g

1

g

2

� � � g

n

)

h

on

e

X , whic h is not of �nite order. Because all sub diagrams are

elliptic, there exists a univ ersally branc hed co v ering �

�

r

: X

�

r

( p ) ! C

n

nf 0 g The
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C �
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Figure 3.2: C -action on

e

X .
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Figure 3.3: The parab olic case.

C -action on

e

X induces a C -action on X

�

r

( p ). As in the elliptic case, w e can

lift the ev aluation mapping to a lo cally biholomorphic mapping ev

�

r

on X

�

r

( p ).

Hence w e obtain the diagram in �gure 3.3.

W e pic k a basis e

1

( k ) ; : : : ; e

n

( k ) ; ` ( k ) of F

S

( k ) as in section 2, and denote the

dual basis b y e

�

1

; : : : ; e

�

n

; `

�

. (So

� ( k ; g

i

) e

j

( k ) = e

j

( k ) + s

ij

e

i

( k )

etc.) One c hec ks that the ev aluation mapping satis�es

ev ( k ; � � x ) = ev ( k ; x ) + log � � `

�

for all x 2 X , � 2 C

�

. Hence the map ev

�

r

satis�es

ev

�

r

( � � x ) = ev

�

r

( x ) + 2 � i � � `

�

for all � 2 C , x 2 X

�

r

( p ). In particular, the C -action on X

�

r

( p ) is fr e e .

T o pro v e our main result, w e need a �

�

( k )-in v arian t metric on the a�ne space

A ( k ) in tro duced in section 3.4.

Lemma 3.6 L et A

o

( k ) � F

�

S

( k ) denote the annihilator of the c onstant func-

tions. Ther e exists a b asis v

1

; : : : ; v

n

of A

o

( k ) such that:

�

�

( g

i

) v

j

= v

j

+ s

j i

v

i

; F or al l 1 � i; j � n
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Pro of: De�ne v

i

as s

i

`

�

+

P

s

ij

e

�

j

. Then one c hec ks that these v

i

lie in A

o

( k )

and satisfy the stated iden tities. Remains to pro v e that they are indep enden t.

By lemma 3.2 ev ery non-trivial in v arian t subspace of A

o

( k ) con tains C `

�

. The

v ectors v

i

span suc h a space and hence `

�

is a linear com bination of the v

i

. But

the span of v

i

do es not equal C `

�

and m ust therefore b e at least n -dimensional

(again b y lemma 3.2). This pro v es that the v

i

are indep enden t. 2

By this theorem w e conclude that there exists a �

�

in v arian t hermitian form H

�

on A

o

( k ). Moreo v er, H

�

can b e c hosen p ar ab olic . W e no w de�ne the \metric"

on A ( k ) and the corresp onding \balls" b y:

d ( a; b )

2

= H

�

( a � b; a � b ) ; a; b 2 A ( k )

B

d

( �; a ) = f b 2 A ( k ) j d ( b; a ) < � g ; a 2 A ( k ) ; � > 0

Note that these balls actually are tub es . They are in v arian t under translation

along an y m ultiple of `

�

.

W e can no w state and pro v e the main result.

Theorem 3.16 The mapping ev

�

r

maps X

�

r

( p ) biholomorphic al ly onto A ( k ) .

Pro of: Analogous to the elliptic case. W e call a p oin t x 2 X

�

r

( p ) � -wide if there

exists a neigh b orho o d Y

x

of x suc h that ev

�

r

maps Y

x

biholomorphically on to

B

d

( �; ev

�

r

( x )). The claim is that there exists an � > 0 suc h that ev ery p oin t of

X

�

r

( p ) is � -wide. Consider for eac h N 2 N

�

the follo wing set:

X

N

= f x 2 X

�

r

( p ) j x is � -wide for some � > 1 = N g

Again these sets satisfy the follo wing prop erties:

1. Eac h X

N

is an op en set.

2. Eac h X

N

is C and Aut ( X

�

r

( p ) j C

n

nf 0 g ) in v arian t.

3. If N � M , then X

N

� X

M

.

4. Ev ery x 2 X

�

r

( p ) is con tained in some X

N

.

Only statemen t 4 needs some extra explanation. It follo ws b y com bining the

fact that ev

�

r

is lo cally biholomorphic and its transformation b eha viour w.r.t.

the C -action on X

�

r

( p ). No w statemen ts 1, 2 and 4 imply that the sets X

N

form

a co v ering of the compact space P

d

( C

n

) with op en sets. F rom 3 w e conclude

that X

�

r

( p ) = X

N

for some N 2 N

�

. Hence ev ery p oin t of X

�

r

( p ) is � -wide if w e

tak e � = 1 = N .
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No w ev ery lo cal in v erse of ev

�

r

at ev

�

r

( x ) can b e extended to at least the tub e

B

d

( �; ev

�

r

( x )). Because A ( k ) is simply connected w e conlude that ev

�

r

admits a

holomorphic in v erse on all of A ( k ). This pro v es the theorem. 2

T o deduce a presen tation for the geometric realisation G ( M ; p ) w e need the

follo wing lemma.

Lemma 3.7 View the r e
e ction r epr esentation % ( k ) of B ( M ; p ) as a 2 n di-

mensional r epr esentation over R . Then the only non-trivial invariant subsp ac es

(over R ) ar e c ontaine d in C � wher e � denotes a non-zer o % ( k ) -�xe d ve ctor

(unique upto a c omplex sc alar).

Pro of: Let U b e an in v arian t subspace (o v er R ) , U 6= f 0 g . The endomorphism

1 � % ( k ; g

j

) maps in to U \ C e

j

. Supp ose U is not con tained in C � then w e

can assume c

r

e

r

2 U for some r 2 f 1 ; : : : ; n g and some c

r

2 C

�

. No w let

j 2 f 1 ; : : : ; n g b e arbitrary . Because e

r

is a cyclic v ector for % ( k ) (o v er C ) there

is a g 2 B ( M ; p ) suc h that (1 � % ( k ; g

j

)) % ( k ; g )( c

r

e

r

) 6= 0. But this implies that

w e ma y assume c

j

e

j

2 U for some c

j

2 C

�

.

No w for an y i; j w e ha v e

(1 � % ( k ; g

j

))(1 � % ( k ; g

i

))( c

j

e

j

) = c

j

s

ij

s

j i

e

j

2 U

If i; j are c hosen in suc h a w a y that m

ij

> 2 and not b oth q

i

and q

j

equal 1,

then s

ij

s

j i

is not a real n um b er. This implies that C e

j

� U and consequen tly

U = C

n

. 2

Corollary 3.8 The ge ometric r e alisation G ( M ; p ) of B ( M ; p ) has the fol lowing

pr esentation:

h r

1

; r

2

; : : : ; r

n

j r

p

i

i

= e; i 2 f 1 ; : : : ; n g

( r

i

; r

j

)

m

ij

= ( r

j

; r

i

)

m

j i

; 1 � i < j � n

( r

1

r

2

� � � r

n

)

h=z

= e i

Pro of: The geometric realisation as a matrix-represen tation is equiv alen t to the

restriction of �

�

( k ) to A

o

( k ). The matrixgroup generated b y �

�

( k ) on F

�

S

( k )

is isomorphic to B ( M ; p ) according to the previous theorem. The k ernel of the

homomorphism \restriction to A

o

( k )" consists exactly of all elemen ts acting as

a tr anslation on A ( k ). The set of all o ccuring translation v ectors in A

o

( k ) is a

discr ete ab elian subgroup of A

o

( k ), denoted b y L . The set L is clearly �

�

( k )-

in v arian t. Hence b y the previous lemma, L is either of rank 2 n , or con tained

in C `

�

. Ho w ev er L cannot b e of full rank, for this w ould imply that C

n

nf 0 g is

compact (b eing a quotien t of A ( k ) =L ).

W e conclude that L m ust b e con tained in C `

�

. Moreo v er, b y considering the C -

action on X

�

r

( p ) one �nds L = Z

2 � i

z

`

�

. The k ernel of the restriction is generated
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e e e

4 4 4

�

e e e

4 4

4

�

e e e

3 3 3

4

�

e e e e

3 3 3

4

�

e e e

e

3 3 3

3

�

e e e e

3 3

4

�

e e e e e

3 3 3 3 3

�

T able 3.1: The sev en parab olic diagrams.

b y �

�

( k ; g

1

g

2

� � � g

n

)

h=z

. Hence the presen tation of B ( M ; p ) has to b e extended

b y one relation exactly as stated in the corollary . 2

W e conclude this section b y deducing a Chev alley theorem on the in v arian ts in

certain rings of theta functions. The results are similar to those obtained b y

Lo oijenga in [L]. Because the parab olic cases for whic h n equals t w o are directly

related to the classical theory of the Gauss function, w e will restrict ourselv es

to the study of the sev en remaining parab olic cases, listed in table 3.1. (In the

diagram the �rst v ertex is indicated b y a cross mark.)

In eac h case, mono drom y induces a transformation group C ( M ; p ) of the ( n � 1)-

dimensional a�ne space A

`

:= A ( k ) = C `

�

. This group acts discretely , co com-

pactly and is generated b y n a�ne complex re
ections satisfying the order and

braid relations as indicated b y the mark ed Co xeter diagram ( M ; p ). The re-


ections �

�

( k ; g

2

) ; : : : ; �

�

( k ; g

n

) ha v e a unique sim ultaneous �xed p oin t on A

`

whic h w e will denote b y f . Note that f can b e tak en a scalar m ultiple of e

�

1

(mo d `

�

). W e will study this later on.

Observ e that H

�

really induces a metric on A

`

. In tro duce the p oint gr oup P

of C ( M ; p ) as certain isometries of A

`

�xing f as follo ws. The group P will b e

the image of the homomorphism

p : C ( M ; p ) ! Aut ( A

`

) ; p ( g ) : v 7! g ( v ) � g ( f ) + f

Then p ( g ) �xes f and p is indeed a homomorphism. W e also write p for the

pull bac k of p to B ( M ) b y �

�

( k ). Note that P is generated b y p ( g

1

) ; : : : ; p ( g

n

)

and these transformations are again complex re
ections satisfying the order and

braid relations of ( M ; p ).

Denote the translation of A

`

o v er � 2 A

o

( k ) = C `

�

b y t

�

and tak e

� = f � 2 A

o

( k ) = C `

�

j t

�

2 C ( M ; p ) g
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If � 2 � then g ( f + � ) � f 2 � for all g 2 P . Indeed if p ( g

o

) = g for g

o

2 C

then t

g ( f + � ) � f

= g

o

t

�

g

� 1

o

. The p oin t group acts naturally on A

o

( k ) = C `

�

and

stabilizes �. Because C ( M ; p ) acts discretely on A

`

and P acts irreducibly ev en

o v er R (only trivial P -stable a�ne subspaces) w e conclude that � is either f 0 g

or a lattic e .

W e can no w pro v e the follo wing imp ortan t theorem:

Theorem 3.17 The gr oup C ( M ; p ) is the semidir e ct pr o duct of its normal

tr anslation sub gr oup T

�

and its p oint gr oup P : C ( M ; p ) = T

�

P . The gr oup

P is isomorphic to the c omplex r e
e ction gr oup asso ciate d to the sub diagr am of

M obtaine d by deleting the �rst no de. Mor e over � is a lattic e of the form

� = Sp an

Z

f �

�

( k ; g ) � j g 2 B ( M ) g

for some sp e cial eigenve ctor � 2 A

o

( k ) = C `

�

of �

�

( k ; g

1

) .

Pro of: The subgroup of P giv en b y h p ( g

2

) ; : : : ; p ( g

n

) i is isomorphic to the

re
ection group h r

2

( k ) ; : : : ; r

n

( k ) i acting on C

n � 1

. One computes that in all

sev en parab olic cases this re
ection group already con tains a complex re
ec-

tion r satisfying the same order and braid relations as p ( g

1

) 2 P . Because

h r

2

( k ) ; : : : ; r

n

( k ) i �xes a p ositiv e de�nite hermitean structure on C

n � 1

it fol-

lo ws that

p ( g

1

) 2 h p ( g

2

) ; : : : ; p ( g

n

) i :

Indeed the relations imply an explicit expression of suc h a re
ection in terms of

the hermitean structure.

No w compute

p ( g

� 1

1

) �

�

( k ; g

1

) v = v + (1 � �

�

( k ; g

� 1

1

)) f :

So p ( g

� 1

1

) �

�

( k ; g

1

) is a translation o v er a non zero sp ecial eigen v ector � of

�

�

( k ; g

1

).

The statemen ts of the theorem no w follo w from the remarks that p ( g

� 1

1

) 2

C ( M ; p ) and C ( M ; p ) is generated b y p ( g

2

) ; : : : ; p ( g

n

) and t

(1 � �

�

( k ;g

� 1

1

)) f

. 2

Remark 3.4 It turns out that the two crystal lo gr aphic gr oups

C ( A

3

; 4) and C ( B

3

; 4 ; 2)

ar e isomorphic . In b oth c ases the p oint gr oup is isomorphic to B ( A

2

; 4) and the

lattic e is gener ate d by a sp e cial eigenve ctor of �

�

( k ; g

2

) .

Remark 3.5 A c omplete classi�c ation of c omplex crystal lo gr aphic r e
e ction

gr oups c an b e found in an article by Pop ov [P].
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The next step is no w to in tro duce a certain kind of theta functions on A

`

. Let

the in v erse of the ev aluation mapping on A ( k ) b e giv en b y:

� = ( �

1

; : : : ; �

n

) : A ( k ) ! C

n

nf 0 g

By using some prop erties of the ev aluation mapping one deduces for all j in

f 1 ; : : : ; n g :

1. �

j

( u + x`

�

) = e

d

j

x

�

j

( u ) ; u 2 A ( k ) ; x 2 C . ( d

j

is the j

th

in v arian t degree

of the real re
ection group W ).

2. �

j

( �

�

( k ; g ) u ) = �

j

( u ) for all u 2 A ( k ) and g 2 B ( M ; p ).

Let � 2 F

S

( k ) b e suc h that `

�

( � ) = 1 and � ( k ; g

j

) � = � for j = 2 ; : : : ; n . Suc h

a � is unique mo dulo the constan t functions. Consider the en tire function �

j

on

A

`

de�ned b y

�

j

( u + C `

�

) = e

� d

j

u ( � )

�

j

( u ) :

Using the prop erties of �

j

one c hec ks that �

j

is w ell de�ned and satis�es:

�

j

( �

�

( k ; g ) u ) = e

� d

j

( u ( � ( k ;g ) � ) � u ( � ))

�

j

( u ) ; g 2 B ( M ; p )

In particular �

j

( g u ) = �

j

( u ) for all u 2 A

`

; g 2 P . F rom these transformation

form ulae w e see that �

j

is a P -in v arian t theta function on A

`

with resp ect to

the lattice �. Let us no w study the general theory of suc h theta functions. In

eac h of the sev en parab olic cases there exists a unique �

�

( k )-in v arian t p ositiv e

de�nite Hermitean structure ( � ; � ) on A

o

( k ) = C `

�

satisfying Im(� ; �) = Z : The

alternating form Im( � ; � ) turns out to b e non-degenerate. It is w ell kno wn [SD]

that there exists a basis of � o v er Z suc h that the matrix of this alternating

form with resp ect to this basis tak es the follo wing form:

�

0 d

� d 0

�

Here d is a diagonal matrix diag( t

1

; : : : ; t

n � 1

) for some p ositiv e in tegers satisfy-

ing 1 = t

1

j t

2

j : : : j t

n � 1

. These in tegers are called the invariant factors of the

alternating form. The in v arian t factors are listed in table 3.2.

Theorem 3.18 Supp ose # is a theta function on A

`

satisfying:

1. # ( u + � ) = e

L ( u;� )

# ( u ) for al l u 2 A

`

and � 2 � . Her e L ( � ; � ) is an a�ne

function for al l � .

2. The function u 7! # ( g u ) tr ansforms as state d in 1 for al l g 2 P .

Ther e is a unique � : � ! Z = 2 Z , indep endent of # , and a D 2 N such that
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1. L ( u; � ) � D ( � ( u � f ; � ) +

�

2

( �; � ) + � i � ( � )) ( mo d 2 � i ) , for al l u 2 A

`

; � 2 � .

2. � ( � + � ) � � ( � ) + � ( � ) + Im ( �; � ) ( mo d 2) , for al l �; � 2 � .

Her e f denotes the P -�xe d p oint in A

`

. We c al l such a # a P - stable theta

function of degree D .

Pro of: This relies hea vily on the general theory of theta functions. See for

example [SD].

Clearly L ( u; � ) m ust b e of the form ( u � f ; L� ) + Q ( � ) for some r e al linear

transformation L of A

o

( k ) = C `

�

. By P in v ariance one deduces that L comm utes

with all �

�

( k ; g

j

), j 2 f 2 ; : : : ; n g . This implies that L is a (complex) scalar

m ultiplication. Hence there is a D 2 C suc h that L ( u; � ) = D � ( u � f ; � ) + Q ( � ).

F rom the co cycle relation for L ( u; � ) it follo ws that in fact D 2 Z .

It is no w general theory of theta functions that sho ws that L ( u; � ) m ust b e of

the form

L ( u; � ) � D ( � ( u � f ; � ) +

�

2

( �; � ) + � i � ( � )) (mo d 2 � i )

for some P -in v arian t � : � ! C = 2 Z satisfying the relation stated in the theorem.

F rom the explicit form of � and ( � ; � ) one can c hec k that in all sev en parab olic

cases the function � is uniquely determined and tak es v alues in Z = 2 Z . 2

Corollary 3.9 F or e ach de gr e e d

j

ther e is a D

j

2 N

� 1

such that if �

�

( k ; g )

induc es t

�

2 C then

� d

j

( u ( � ( k ; g ) � ) � u ( � )) � D

j

( � ( u � f ; � ) +

�

2

( �; � ) + � i � ( � )) ( mo d 2 � i )

for al l u 2 A

`

.

Pro of: The theta function �

j

is P -stable and transform under translation o v er

� b y the exp onen tial of the left hand side of this equalit y . Hence b y the previous

theorem there exists a D

j

as stated. 2

Note that the degree of �

j

equals D

j

. The degrees D

1

; : : : ; D

n

are listed in table

3.2.

Let �

D

b e the set of P -stable theta functions of degree D . F or all D , �

D

is a

�nite dimensional C v ector space. In fact it the dimension of �

D

equals D

n � 1

times the pro duct of the in v arian t factors of the alternating form Im( � ; � ) [SD].

Let

� =

M

D � 0

�

D

then � is a graded C algebra. The p oin t group P acts naturally on this algebra.

Note that the algebras of P -stable theta functions are isomorphic for the t w o

cases ( A

3

; 4) and ( B

3

; 4 ; 2).

W e denote the subalgebra of P -in v arian t theta functions b y �

P

.
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Theorem 3.19 F or al l p ar ab olic gr oups exc ept ( B

3

; 4 ; 2) the algebr a �

P

e quals

C [ �

1

; : : : ; �

n

] . In p articular it is isomorphic to a p olynomial algebra .

Pro of: W e do not consider the mark ed diagram ( B

3

; 4 ; 2) for it turns out that

( A

3

; 4) determines the in v arian ts in � for that case.

As co ordinates of the in v erse of the ev aluation mapping it is clear that the �

j

and hence the �

j

are algebraically indep enden t. If # 2 �

P

is of degree D then

consider the function # : A ( k ) ! C de�ned b y

# ( u ) = e

D u ( � )

# ( u + C `

�

)

One c hec ks that it satis�es

1. # ( u + x`

�

) = e

xD

# ( u ) for all u 2 A ( k ) ; x 2 C .

2. # ( �

�

( k ; g ) u ) = # ( u ) for all g 2 B ( M ; p ).

Note that b y P -in v ariance of # it su�ces to c hec k 2 for all g suc h that �

�

( k ; g )

induces a translation t

�

of C . T o c hec k this use corollary 3.9 and the degrees

D

1

; : : : ; D

n

as listed in the table.

Using these prop erties it follo ws that the comp osition # � ev ( k ) extends to a

w eigh ted homogeneous p olynomial of degree D on C

n

. Hence # is a p olynomial

in �

1

; : : : ; �

n

. 2

Remark 3.6 Similarly one c an pr ove that the algebr a of invariants of ev en

degree in �

P

r elate d to C ( B

3

; 4 ; 2) also e quals C [ �

1

; : : : ; �

n

] . (Her e the �

1

; : : : ; �

n

ar e the theta functions r elate d to the diagr am ( B

3

; 4 ; 2) ).

T o end this section I giv e a sk etc h of the metho d to compute the degrees D

j

.

Recall that � ( k ; g

j

) ` = ` + x

j

e

j

where the constan ts x

j

are c hosen in suc h a w a y

that

x

1

� ( k ; g

2

� � � g

n

) e

1

+ x

2

� ( k ; g

3

� � � g

n

) e

2

+ : : : + x

n

e

n

=

2 � i

h

where the righ t hand side is a constan t function. In particular it is the (upto

a scalar) unique mono drom y �xed v ector. F rom this w e can explicitly compute

� .

T ak e y

2

; : : : ; y

n

2 C suc h that

x

j

+

n

X

l =2

y

l

s

j l

= 0

for all j 2 f 2 ; : : : ; n g . Pro jection of ` on to the � ( k ; g

2

) ; : : : ; � ( k ; g

n

) �xed v ectors

along the span of e

2

; : : : ; e

n

giv es

� = ` +

n

X

j =2

y

j

e

j

:
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Diagram

In v arian t factors

of Im( � ; � )

In v arian t degrees ( �; � )

( A

3

; 4) and

( B

3

; 2 ; 4)

1 ; 2 2 ; 3 ; 4 2

( B

3

; 3 ; 3) 1 ; 6 1 ; 2 ; 3 2

p

3

( B

4

; 3 ; 2) 1 ; 3 ; 3 1 ; 2 ; 3 ; 4 2

p

3

( D

4

; 3) 1 ; 3 ; 3 1 ; 2 ; 2 ; 3 2

p

3

( F

4

; 2 ; 3) 1 ; 1 ; 3 1 ; 3 ; 4 ; 6

4

3

p

3

( A

5

; 3) 1 ; 1 ; 3 ; 3 2 ; 3 ; 4 ; 5 ; 6 2

p

3

T able 3.2: Structure of the parab olic groups.

Applying e

�

1

to 2 � i =h yields that w e can tak e

f =

2 � i

hx

1

e

�

1

+ C `

�

for the �

�

( k ; g

2

) ; : : : ; �

�

( k ; g

n

) �xed v ector in A

`

.

Consider t

�

with � = (1 � �

�

( k ; g

� 1

1

)) f a generator of � as b efore. Then t

�

is

induced b y �

�

( k ; g g

1

) for some g in h g

2

; : : : ; g

n

i . By corollary 3.9 w e kno w

� d

j

( f ( � ( k ; g g

1

) � ) � f ( � )) � D

j

(

�

2

( �; � ) + � i � ( � )) (mo d 2 � i )

The real part of the righ t hand side can b e computed from table 3.2 where ( �; � )

is listed for eac h case. Substituting all explicit form ulas in the left hand side

and considering the fact that � ( k ; g ) � = � w e get:

� d

j

2 � i

hx

1

( x

1

+

n

X

j =2

y

j

s

1 j

) � D

j

(

�

2

( �; � ) + � i � ( � )) (mo d 2 � i ) :

With this result the degrees D

j

can b e computed in eac h case.

3.7 The h yp erb olic case

Throughout this section w e assume that the connected mark ed diagram ( M ; p )

is of h yp erb olic t yp e. This means that if w e de�ne k 2 K b y k

j

:= 1 = 2 � 1 =p

j
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then � ( k ) sati�es 1 � m

2

< � ( k ) < 0. Lift Rev ( k ) to a single v alued mapping

fev on

e

X . Then fev is a lo cally biholomorphic mapping satisfying:

fev ( x � y ) = e

2 � i � x

� fev ( y ) ; for all x 2 C ; y 2

e

X

b y homogeneit y of Rev ( k ). Again w e de�ne an in v arian t Hermitian form H

�

on

E

�

S

( k ), i.e. the signature of H

�

is (1 ; n � 1).

De�nition 3.14 The set of ve ctors in E

�

S

( k ) on which H

�

is p ositive is denote d

by B . The unit b al l in C

n � 1

by B . In a formula:

B = f v 2 E

�

S

( k ) j H

�

( v ; v ) > 0 g

B = f ( x

1

; : : : ; x

n � 1

) 2 C

n � 1

j j x

1

j

2

+ : : : + j x

n � 1

j

2

< 1 g

Lemma 3.8 The set B is a trivial C

�

-bund le over B . T o b e pr e cise: ther e is a

biholomorphic mapping

� : B ! C

�

� B

such that if � ( v ) = ( x; � ) then for al l � 2 C

�

, � ( � v ) = ( � x; � ) .

Pro of: Let �

1

; : : : ; �

n

b e a basis of E

�

S

( k ) suc h that:

H

�

( �

i

; �

j

) = � �

ij

; H

�

( �

n

; �

n

) = 1

Note that if v 2 B then the �

n

co ordinate of v (i.e. H

�

( v ; �

n

)) is non-zero. This

allo ws the follo wing construction of � :

� : B ! C

�

� B ; � :

n

X

j =1

c

j

�

j

7! ( c

n

;

c

1

c

n

; : : : ;

c

n � 1

c

n

)

One easily c hec ks that this mapping satis�es the presumed conditions. 2

Corollary 3.10 The fundamental gr oup of B is isomorphic to Z , mor e over

$ : �

� 1

� ( exp (2 � i � ) � id ) : C � B ! B

is a universal c overing of B .

Pro of: Eviden t. 2

The follo wing theorem is fundamen tal for the h yp erb olic theory . Ho w ev er, b e-

cause the pro of of it w ould b e a little distracting at this momen t, I put it in the

sep erate section 3.8.
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Theorem 3.20 In c ase ( M ; p ) is of hyp erb olic typ e, the image of the asso ciate d

multivalue d mapping Rev ( k ) is c ontaine d in B .

Pro of: In section 3.8. 2

Because

e

X is simply connected, w e can factor the map fev through the univ ersal

co v ering of B . In this w a y , w e get a mapping

f

EV :

e

X ! C � B

satisfying fev = $ �

f

EV. No w �

�

( k ) induces a unique group

e

G of transformations

of C � B and surjectiv e homomorphisms

~� : B ( M ) !

e

G ; pr :

e

G ! �

�

( k ; B ( M ))

suc h that for ev ery g 2 B ( M ) w e obtain the comm uting diagram in �gure 3.4.

e

X

e

X

C � B

C � B

B

B

? ? ?

- -

- -

g

~� ( g ) �

�

( k ; g )

f

EV

f

EV

$

$

Figure 3.4: The

e

G -action.

Denoting the C -action ( y ; � ) 7! ( y + x; � ) on C � B b y x � ( y ; � ), the mapping

f

EV also satis�es:

f

EV( x � y ) = � x �

f

EV ( y ) ; x 2 C ; y 2

e

X

Let �

1

� � b e the union of facets asso ciated to non elliptic connected sub dia-

grams of ( M ; p ). In particular 0 2 �

1

. Denote the univ ersal degree p co v ering

b y �

u

: X

u

( p ) ! X .

Lemma 3.9 The mapping

f

EV desc ends to a lo c al ly biholomorphic mapping ev

u

on X

u

( p ) .

Pro of: The fact that Rev ( k ) maps in to B together with theorem 3.13 implies

that Rev ( k ) maps some small neigh b orho o d in X of a subregular p oin t in � in to

some simply connected op en sub set of B . (The image cannot wrap around the

origin.) This implies that

f

EV is in v arian t under con tin uation along an y p

j

-fold

lo op around a t yp e j re
ection plane. Hence

f

EV descends to X

u

( p ). 2
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Corollary 3.11 The homomorphism ~� pr oje cts to a homomorphism

~� : B ( M ; p )

�

=

A ut ( X

u

( p ) j X ) !

e

G

This describ es the mono dr omy of ev

u

, i.e.

ev

u

( g � x ) = ~� ( g ) ev

u

( x )

for al l g 2 A ut ( X

u

( p ) j X ) and al l x 2 X

u

( p ) .

Pro of: 2

Lemma 3.10 The c overing X

u

( p ) c an b e emb e dde d in a universal ly r ami�e d

c overing �

�

r

: X

�

r

( p ) ! C

n

n �

1

. Mor e over, ev

u

extends to a lo c al ly biholomor-

phic mapping ev

�

r

on X

�

r

( p ) .

Pro of: F rom the elliptic case w e kno w that univ ersally rami�ed extensions exist

lo cally ab o v e an y p oin t of C

n

n �

1

. By using prop erties of ev

u

w e can again

conclude that all these lo cal extensions �t together and obtain X

�

r

( p ). By a

similar argumen t as b efore, ev

u

extends lo cally biholomorphically to X

�

r

( p ). 2

W e obtained the diagram in �gure 3.5.

X

C

n

n �

1

X

u

( p ) X

�

r

( p )

e

X

C � B

-

? ?

?

-

-














�

6

ev

�

r

ev

u

g

EV

Figure 3.5: The h yp erb olic case.

Before stating the main theorem of this section w e in v estigate what happ ens

near a facet in �

1

asso ciated to a connected sub diagram of ( M ; p ) of parab olic

t yp e. So supp ose (b y ren um b ering) that the sub diagram spanned b y the v ertices

1 ; : : : ; j is connected and of parab olic t yp e.

Lemma 3.11 Ther e exists a b asis e

1

; : : : ; e

j

; F ; f

1

; : : : ; f

n � j � 1

of E

S

( k ) such

that

1. The ve ctor e

l

is a sp e cial eigenve ctor of � ( k ; g

l

) for al l l .

73



2. � ( k ; g

1

g

2

� � � g

j

) F = F + 2 � i � f . Her e f is a non zer o ve ctor in the C -sp an

of e

1

; : : : ; e

j

such that f is �xe d by al l r e
e ctions � ( k ; g

1

) ; : : : ; � ( k ; g

j

) .

3. Every ve ctor f

l

is also �xe d by al l these j r e
e ctions.

Pro of: This follo ws from theorem 3.5 in section 3.2. 2

Pic k a basis of E

S

( k ) as indicated and let e

�

1

; : : : ; e

�

j

; F

�

; f

�

1

; : : : ; f

�

n � j � 1

denote

the dual basis of E

�

S

( k ).

Lemma 3.12 T ake br anches of Rev ( k ) and f such that Rev ( k ; u )( f ) = f ( u ) .

Then

�

�

( k ; g

1

� � � g

j

) Rev ( k ; u ) = Rev ( k ; u ) + 2 � i � f ( u ) F

�

:

In p articular f ( u ) 6= 0 and f ( u ) H

�

( `

�

; Rev ( u )) 2 R .

Pro of: This transformation form ula follo ws from the fact that F is the only

basis elemen t that transforms non trivially under this partial Co xeter elemen t.

Because Rev ( k ; u ) 2 B w e conclude that f ( u ) 6= 0 for there are no �

�

( k ; g

1

� � � g

j

)-

�xed v ectors in B .

W rite jj � jj

2

for H

�

( �; � ). Then b y mono drom y in v ariance of H

�

w e get

jj �

�

( k ; g

1

� � � g

j

)

t

Rev ( k ; u ) jj

2

= jj Rev ( k ; u ) jj

2

for all t 2 N . Rep eated application of the transformation form ula from the

lemma sho ws that jj F

�

jj

2

= 0 and f ( u ) H

�

( F

�

; Rev ( k ; u )) 2 R as stated. 2

Let p b e a p oin t on the facet under consideration. Then lo cal mono drom y near

p �xes the v ector F

�

on the b oundary of B . T o study the b eha viour of Rev ( k )

near p w e use a lo cal mono drom y in v arian t distance function on B that measures

the distance of a p oin t to F

�

. W e de�ne this distance for v 2 B b y:

� ( v ) =

j ( F

�

; v ) j

2

( v ; v )

Note that it is constan t on the line through v . If � ( v ) ! 0 then v ! F

�

in the

pro jectiv e sense.

Let x

1

; : : : ; x

n

b e lo cal co ordinates near p suc h that the facet is describ ed b y

the equations x

j +1

= x

j +2

= : : : = x

n

= 0. No w consider

x

1

; : : : ; x

j

; y

1

:= x

j +1

; y

2

:=

x

j +2

x

j +1

; : : : ; y

n � j

:=

x

n

x

j +1

as lo cal co ordinates on the blo w up of the facet. (So y

1

= 0 lo cally de�nes

the exceptional divisor. The argumen t that follo ws do es not dep end on this

particular c hoice of co ordinates).
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Lemma 3.13 Each e

1

; : : : ; e

j

and f

1

; : : : ; f

n � j � 1

extends holomorphic al ly over

the exc eptional divisor. Mor e over, in the c o or dinates x; y we c an lo c al ly write

F ( x; y ) = (log( y

1

) +  ( x; y )) f ( x; y )

for some holomorphic  .

Pro of: Recall that the exp onen t along the exceptional divisor is 0 with m ul-

tiplicit y n + 1. By general theory of connections with regular singularities w e

kno w that

F ( x; y ) � log( y

1

) f ( x; y ) ; e

1

; : : : ; e

j

; f

1

; : : : ; f

n � j � 1

extend holomorphically o v er the divisor y

1

= 0. W e already kno w that f do es

not v anish if y

1

6= 0. Because the exp onen t of f along the exceptional divisor

is 0, w e conclude b y Hartog's theorem that f is ev en non v anishing for y

1

= 0.

Then w e can clearly write F in the indicated form. 2

Theorem 3.21 L et Rev ( k ) and F b e br anches on the lo c al c o or dinate neigh-

b orho o d with c o or dinates ( x; y ) such that Rev ( k ; x; y )( F ) = F ( x; y ) . Then the

distanc e � ( Rev ( k ; x; y )) tne ds to 0 if y

1

tends to 0 . Mor e over, c onver genc e is

lo c al ly uniform w.r.t. the other c o or dinates.

Pro of: W rite Rev ( k ; x; y ) = F ( x; y ) F

�

+ r ( x; y ). Then r extends holomorphi-

cally o v er the divisor y

1

= 0. Because f ( x; y ) H

�

( F

�

; r ( x; y )) 2 R and f ( x; y ) is

non v anishing ev en if y

1

= 0, w e conclude that H

�

( F

�

; r ) is also non v anishing

for y

1

= 0.

No w compute the distance (argumen ts ( x; y ) are omitted in the righ t hand side):

� ( Rev ( k ; x; y )) =

j H

�

( F

�

; r ) j

2

2Re

�

F H

�

( F

�

; r )

�

+ H

�

( r ; r )

=

=

j H

�

( F

�

; r ) j

2

2Re

�

(log( y

1

) +  ) f H

�

( F

�

; r )

�

+ H

�

( r ; r )

=

=

j H

�

( F

�

; r ) j

2

2 f H

�

( F

�

; r )

�

log j y

1

j + Re(  )

�

+ H

�

( r ; r )

No w H

�

( F

�

; r ) 6= 0 so the logarithm in the denominator will cause con v erge of

this distance as stated. 2

Note that con v ergence is not only lo cally uniform, but also do es not dep end on

the c hoice of the particular branc hes ( � is in v arian t under lo cal mono drom y).

W e can no w pro v e the main theorem of this section.
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Theorem 3.22 If every c onne cte d pr op er sub diagr am of ( M ; p ) is either el liptic

or p ar ab olic, then the mapping

ev

�

r

: X

�

r

( p ) ! C � B

is glob al ly biholomorphic and onto.

Pro of: W e need again a

e

G and C in v arian t \metric" on C � B . Consider the

P oincar � e-Bergman metric on B

�

=

C

�

n B :

cosh d ([ v ] ; [ w ]) =

j H

�

( v ; w ) j

[ H

�

( v ; v ) H

�

( w ; w )]

1 = 2

No w extend it trivially on the C -�bres:

� (( w

1

; b

1

) ; ( w

2

; b

2

)) = d ( b

1

; b

2

)

This \metric" is clearly

e

G and C in v arian t. De�ne a ball (tub e) w.r.t. this

metric b y:

B

�

( �; x ) = f y 2 C � B j � ( x; y ) < � g

The pro of of the similar theorem in the parab olic case has to b e altered a little.

W e used that P

d

( C

n

) is compact, but no w w e p ossibly left out some p oin ts b y

excluding �

1

. T o o v ercome this problem w e co v er C

n

n �

1

in a certain w a y b y

closed sets. Let

K

1

�� K

2

�� K

3

�� : : :

b e a sequence of closed subsets of C

n

n �

1

suc h that

1. Eac h K

j

is in v arian t under the w eigh ted homogeneous C

�

action.

2. Eac h set K

j

is con tained in the in terior of K

j +1

.

Then C

�

n K

j

is a compact subset of P

d

( C

n

).

Let X

j

� X

�

r

( p ) b e the �

�

r

pre image of K

j

. Then there exists a sequence of

p ositiv e n um b ers �

1

� �

2

� : : : suc h that an y p oin t of X

j

is �

j

-wide (w.r.t. ev

�

r

).

Supp ose 
 : [0 ; 1] ! C � B is suc h that a lo cal in v erse � of ev

�

r

near 
 (0) can

b e con tin ued along 
 upto but not including 
 (1). Using �

j

-wideness on X

j

w e conclude: F or an y j there is a parameter t

j

2 (0 ; 1) suc h that � � 
 ( t ) =2 X

j

for all t 2 ( t

j

; 1). This implies that �

�

r

� � � 
 con v erges to a facet in �

1

(i.e.

ev ery C

�

-stable op en neigh b orho o d of that facet con tains a tail of the curv e).

Ho w ev er, if a curv e in X is suc h that its �

�

r

image tends to a facet in �

1

the

ev

�

r

image of the curv e tends to the b oundary of C � B . That is to sa y , the ev

�

r

image tends to b e at an in�nite distance from an y p oin t in C � B with resp ect

to the giv en metric. This is a consequence of theorem 3.21. (It is not hard to
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see, using that con v erge there is lo cally uniform and Cauc h y's in tegral theorem,

that this b eha viour also holds on the �

�

r

pre image of �). In particular the ev

�

r

image of � � 
 should tend to the b oundary of C � B . But this is just the curv e


 , whic h tends to 
 (1) 2 C � B .

This con tradiction sho ws that an y lo cal in v erse of ev

�

r

can b e con tin ued through-

out C � B . Hence ev

�

r

has a single v alued holomorphic in v erse on C � B . This

sho ws that ev

�

r

maps X

�

r

( p ) globally biholomorphically on to C � B . 2

W rite � =z = � d=a; d; a 2 Z

+

; gcd( d; a ) = 1

Corollary 3.12 A ny lo c al inverse of the multivalue d mapping Rev ( k ) : X ! B

extends holomorphic al ly to the d -fold c overing of B , and to no other c overing of

smal ler de gr e e.

Pro of: Let � denote the in v erse of ev

�

r

. The map �

�

r

� � : C � B ! C

n

n �

1

is

globally holomorphic on C � B and the lift of a lo cal in v erse of Rev ( k ). No w

b y the relation

ev

�

r

( x � y ) = � x � ev

�

r

( y ) ; x 2 C ; y 2 X

�

r

( p )

and the fact that for a generic p oin t y 2 X

�

r

( p ) w e ha v e

�

�

r

( x

1

� y ) = �

�

r

( x

2

� y ) , x

1

� x

2

2 Z =z

w e conclude that �

�

r

� � is in v arian t under the action of t 2 Z =z i� t is a m ultiple

of d=z . Hence b y dividing out the action of d Z = z on C � B , the map �

�

r

� �

descends to a globally holomorphic extension of a lo cal in v erse of Rev ( k ) on the

d -fold co v ering of B . It is clear that the degree d is minimal in this sense. 2

Corollary 3.13 If al l c onne cte d sub diagr ams of ( M ; p ) ar e either el liptic or

p ar ab olic, then the ge ometric r e alisation G ( M ; p ) of B ( M ; p ) has the fol lowing

pr esentation:

h r

1

; : : : ; r

n

j r

p

i

i

= e; i 2 f 1 ; : : : ; n g

( r

i

; r

j

)

m

ij

= ( r

j

; r

i

)

m

j i

; 1 � i < j � n

( r

1

r

2

� � � r

n

)

ha=z

= e i

Pro of: The biholomorphic equiv alence of X

�

r

( p ) and C � B sho ws that

B ( M ; p ) = N

�

=

G ( M ; p )

where N denotes the ~� pre image of the k ernel of

pr :

e

G ! �

�

( k ; B ( M ))

�

=

G ( M ; p ) :

This k ernel consists exactly of translations of C � B in the �rst factor o v er an

in tegral m ultiple of 1 =z . Relating b oth C -actions on X

�

r

( p ) and C � B b y the
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transformation form ula for ev

�

r

from the pro of of corollary 3.12, w e conclude

that N is generated b y ( g

1

g

2

� � � g

n

)

ha=z

. The corollary follo ws. 2

W e conclude this section b y form ulating a Chev alley theorem for h yp erb olic

re
ection groups.

A holomorphic function f : C � B ! C with the prop ert y

f ( x + t

�

z

; b ) = e

2 � i t

f ( x; b ) ; for all t 2 C and ( x; b ) 2 C � B

can b e considered as a global section in a line bundle L o v er B . The group

e

G acts

naturally on L and the k ernel of the pro jection of

e

G on to G ( M ; p ) acts trivially .

Hence L is a G ( M ; p )-homogeneous bundle. Consider the graded algebra

A :=

M

n � 0

�( B ; L


 n

)

and let A

G

denote the sub algebra of G ( M ; p )-in v arian t elemen ts.

Theorem 3.23 The algebr a A

G

of invariant se ctions is isomorphic to a p oly-

nomial algebr a C [ �

1

; : : : ; �

n

] .

Pro of: Let cev : C

n

n �

1

! C � B b e a lifting of Rev ( k ). Let � = ( �

1

; : : : ; �

n

) :

C � B ! C

n

n �

1

b e the in v erse of cev . Clearly the co ordinates �

1

; : : : ; �

n

are algebraically indep enden t o v er C . Using homogeneit y of the ev aluation

mapping one deduces that �

j

is a global in v arian t section in L


 ( d

j

=z )

. No w

let f 2 �( B ; L


 n

) b e an in v arian t section (as a function on C � B ). The

comp osition f � cev is in v arian t under mono drom y and w eigh ted homogeneous of

degree n . Hence this comp osition extends to a p olynomial on C

n

. This implies

that f is a p olynomial in �

1

; : : : ; �

n

. 2

A w ell kno wn result of Selb erg [Se, lemma 8] implies that G ( M ; p ) has a normal

subgroup � of �nite index that acts fr e ely on the complex ball B . On the

smo oth v ariet y � n B one can in tro duce a line bundle L as ab o v e, homogeneous

with resp ect to the �nite group G ( M ; p ) = � generated b y re
ections. Then one

can pro v e a Chev alley lik e theorem on the in v arian t sections in the algebra

generated b y �(� n B ; L ). This is similar to the result of Milnor in [N] on the

complex disc (one dimensional h yp erb olic space).

3.8 A pro of of theorem 3.20

In this section w e presen t a pro of of theorem 3.20. Let e

1

; : : : ; e

n

b e a basis of E

S

as in section 3.3. Denote the dual sections in E

�

S

b y e

�

j

. De�ning H

�

( e

�

i

; e

�

j

) :=

H

�

ij

(as in de�nition 3.12) pro vides a hermitean structure on the subbundle of
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E

�

S

o v er the real v alued m ultiplicit y functions K

0

R

. T o pro v e theorem 3.20 it

su�ces to sho w that

H

�

( Rev ( k ) ; Rev ( k )) > 0

on X for h yp erb olic k .

No w let � : C

2

! V b e an injectiv e linear mapping suc h that � ( C

2

nf 0 g ) in tersects

ev ery re
ection plane only in sub regular p oin ts. (In particular, the � image is not

con tained in an y re
ection plane.) By Chev alley pro jection w e get a w eigh ted

homogeneous mapping �

P

:= P � � in to C

n

suc h that its image in tersects � nf 0 g

only in subregular p oin ts. Let a

1

; : : : ; a

m

b e the lines in C

2

whic h �

P

maps in to

�. De�ne a real v alued function � on K

0

R

� C

2

nf a

1

; : : : ; a

m

g b y:

� ( k ; x ) := H

�

( Rev ( k ; �

P

( x )) ; Rev ( k ; �

P

( x )))

Note that b y mono drom y in v ariance of H

�

this de�nes a single value d con tin uous

function. By the c haracterization in theorem 3.13 w e conclude that � extends

to a con tin uous function (also called � ) on K

0

R

� C

2

. Also note that � ( k ; � ) is

homogeneous (of degree � ( k )) for eac h k .

W e no w in v estigate if this � can tak e on negativ e v alues. First observ e that

� ( k ; x ) > 0 if � ( k ) � 0. De�ne N b y:

N := f ( k ; x ) 2 K

0

R

� C

2

j � ( k ; x ) � 0 g

(The set where � tak es on non p ositiv e v alues.) Then N is closed. Because N is

in v arian t under scalar m ultiplication in the second factor and P ( C

2

) is compact,

w e conclude that the pro jection N

K

of N on K

0

R

along C

2

is also closed.

No w supp ose k 2 @ N

K

. Then � ( k ; � ) � 0 and � ( k ; x

o

) = 0 for some x

o

2

C

2

. Supp ose that � ( k ) > 1 � m

2

. By a previous remark w e necessarily ha v e

� ( k ) < 0. Because Rev ( k ) is lo cally biholomorphic on X and �

P

( C

2

nf 0 g ) is not

con tained in a single (w eigh ted) C

�

-orbit, w e conclude that � ( k ; x ) = 0 implies

that x 2 a

1

[ : : : [ a

m

. Hence � ( k ; � ) v anishes along some line, a

1

sa y .

By theorem 3.13 w e kno w that at a non zero p oin t x

o

in a

1

w e can lo cally split

Rev

P

:= Rev ( k ; �

P

( � )) in a singular and a holomorphic part:

Rev

P

= Rev

s

+ Rev

h

In particular

1. H

�

( Rev

s

; Rev

h

) = 0

2. Rev

h

is holomorphic in a neigh b orho o d of x

o

2 a

1

.

3. If �

P

( x

o

) lies on a t yp e j re
ection plane, then Rev

s

is a sp ecial eigen v ector

of �

�

( k ; g

j

) on E

�

S

( k ) (if non zero).

4. lim

x ! x

o

Rev

s

( x ) = 0
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It is a consequence of prop ert y 3 that H

�

( Rev

s

; Rev

s

) � 0. ( H

�

is negativ e on

all sp ecial eigen v ectors of the generating re
ections.) Near x

o

this yields:

0 � � ( k ; � ) = H

�

( Rev

s

; Rev

s

) + H

�

( Rev

h

; Rev

h

) �

� H

�

( Rev

h

; Rev

h

)

By the maxim um principle (section 1.1) w e conclude that

H

�

( Rev

h

; Rev

h

) > 0

on a neigh b orho o d of x

o

. This is in con tradiction with the fact that Rev ( k ; x

o

) =

0. W e conclude that if k 2 @ N

K

then � ( k ) � 1 � m

2

. No w the subset of K

0

R

for whic h � ( k ) > 1 � m

2

is connected and not con tained in N

K

. W e conclude

that it is disjoint from N

K

. This sho ws that � ( k ; x ) > 0 if � ( k ) > 1 � m

2

. In

particular w e conclude that on the �

P

image of C

2

, restricted ev aluation maps

in to B . Theorem 3.20 no w follo ws b y the remark that b y v arying the map � , the

images of �

P

co v er X . 2
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Chapter 4

Ro ot systems and v arieties

4.1 In tro duction

In c hapter 3 a h yp ergeometric system related to a normalized ro ot system R

w as in tro duced. It is a lo cal system or, in Deligne's terminology , a function

of Nilsson class on the complemen t of the discriminan t of R . This system

dep ends on a m ultiplicit y parameter k and some conditions on this parameter

w ere in tro duced that will assure that the h yp ergeometric system has a discrete

mono drom y group. One of these conditions is that all prop er parab olic ro ot

subsystems of R with the restricted m ultiplicit y parameter should ha v e a non-

negativ e exp onen t.

Studying [DM] sho ws that this condition is certainly not necessary in general,

though it marks an imp ortan t b order in the theory . One should compare this

with the theory of r e al h yp erb olic re
ection groups that act discretely and with

co�nite v olume on real h yp erb olic space. There is a considerable di�erence in

e�ort needed to classify suc h groups with at most parab olic subgroups (as in

[H]) and the general case [V].

The presen ted w ork is mainly concerned with constructions of v arieties and

describing their prop erties. First a \Cremona" v ariet y of a restricted Co xeter

arrangemen t is in tro duced. Then w e generalize the app earance of Geometric

In v arian t Theory for the ro ot system A

n

, presen t in the w ork of Deligne and

Mosto w [DM], to arbitrary ro ot systems. This will result in a b etter under-

standing of h yp ergeometric systems asso ciated to ro ot systems with a prop er

ro ot subsystem of h yp erb olic t yp e.

Unfortunately , there remain some questions in the \in v arian t theory" for ar-

bitrary ro ot systems. Therefore the �nal main results are still conjectural in

nature.
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The main conjecture of this c hapter can b e form ulated as follo ws. Let k b e a

m ultiplicit y parameter on an irreducible ro ot system R suc h that

k

�

=

1

2

�

1

p

�

for p

�

2 N

� 2

and � 2 R .

Conjecture 4.1 Supp ose that � ( R ; k ) 2 (1 � m

2

; 0) wher e m

2

denotes the se c-

ond smal lest exp onent of R , i.e. � ( R ; k ) is of hyp erb olic typ e. Supp ose mor e over

that for any irr e ducible p ar ab olic r o ot subsystem R

0

� R of r ank rk ( R ) � 1 such

that � ( R

0

; k ) < 0 the fol lowing inte gr ality c ondition holds:

� "

R

0

=� ( R

0

; k ) 2 N

� 1

:

Her e "

R

0

2 f 1 ; 2 g and it e quals 2 exactly if W ( R ) c ontains an element w such

that � w is a r e
e ction �xing R

0

. Then the mono dr omy gr oup of the hyp er ge o-

metric system E

S

( k ) (cf. se ction 3.3) is discr ete.

This results in the tables of c hapter 5.

4.2 Co xeter arrangemen ts

In this section w e in tro duce the notion of a Coxeter arr angement . Let R b e a

normalized irreducible ro ot system of full rank in an n -dimensional Euclidean

space ( E ; ( � ; � )). De�ne V := C 
 E and extend ( � ; � ) bilinearly to V . F or a subset

U � E w e de�ne V

U

:= span

C

( U ) and V

U

:= V

?

U

. In particular V = V

U

� V

U

.

A ro ot system R

0

� R is called p ar ab olic if R

0

= V

R

0

\ R . F or R

0

� R a parab olic

ro ot subsystem w e de�ne:

R ( R

0

; R ) := f S � R j R

0

� S and S is parab olic g

S ( R

0

; R ) := f S 2 R ( R

0

; R ) j rk ( S ) = rk( R

0

) + 1 g

If R

0

is irreducible w e de�ne

R

o

( R

0

; R ) := f S 2 R ( R

0

; R ) j S is irreducible g

S

o

( R

0

; R ) := f S 2 S ( R

0

; R ) j S is irreducible g

N ( R

0

; R ) := # S

o

( R

0

; R )

Example : The ro ot system of t yp e E

8

con tains D

5

as an irreducible parab olic

ro ot subsystem. In this case S

o

( D

5

; E

8

) con tains four systems of t yp e E

6

and

three of t yp e D

6

. Therefore N ( D

5

; E

8

) is equal to sev en.
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Fix a ro ot subsystem R

0

2 R

o

( ; ; R ) suc h that R

0

6= ; . F or ev ery � 2 R n R

0

the linear space �

?

\ V

R

0

is of co dimension one in V

R

0

. Tw o suc h ro ots can

ha v e the same orthoplemen t in V

R

0

ev en if they are linearly indep enden t. T ak e

� 2 R n R

0

and consider the set

f � 2 R j �

?

� �

?

\ V

R

0

g :

This is a parab olic ro ot system of rank rk ( R

0

) + 1 con taining R

0

. It is either

irreducible or of the form R

0

[ f� �; � g . All ro ots � for whic h this system is

reducible form a subset ( R

0

)

? ?

of ( R

0

)

?

. In fact ( R

0

)

? ?

is a (not necessarily

parab olic) ro ot subsystem of R . F or example if R = B

n

and R

0

= B

m

for some

m � n � 4 then ( R

0

)

? ?

is of t yp e D

n � m

.

The h yp erplanes �

?

\ V

R

0

for � 2 R n R

0

are exactly indexed b y S ( R

0

; R ).

De�nition 4.1 The sp ac e V

R

0

str ati�e d by the interse ction structur e of al l hy-

p erplanes V

S

, S 2 S ( R

0

; R ) is c al le d a restricted Co xeter arrangemen t [OT].

Let us study the in tersection structure of all h yp erplanes. T ak e inclusion as a

partial ordering on R ( R

0

; R ).

Lemma 4.1 In R ( R

0

; R ) any two elements S; S

0

have a le ast upp er b ound S _ S

0

and a gr e atest lower b ound S ^ S

0

.

Pro of: Let S; S

0

2 R ( R

0

; R ) then clearly ( V

S

+ V

S

0

) \ R is a parab olic ro ot

subsystem con taining b oth S and S

0

. Moreo v er an y upp er b ound for S and S

0

m ust con tain ( V

S

+ V

S

0

) \ R b ecause it is parab olic. Because R ( R

0

; R ) is �nite

S and S

0

will also ha v e a greatest lo w er b ound. 2

Lemma 4.2 If S 2 R ( R

0

; R ) then T 7! T _ S de�nes a map

S ( R

0

; R ) nS ( R

0

; S ) ! S ( S; R

0

) :

Mor e over, this map is onto but not ne c essarily inje ctive.

Pro of: If T 2 S ( R

0

; R ) nS ( R

0

; S ) then indeed rk( T _ S ) = rk( S ) + 1. If

S

0

2 S ( S; R ) and � 2 S

0

n S then T := ( V

R

0

+ C � ) \ R is an elemen t of

S ( R

0

; R ) nS ( R

0

; S ) and S

0

= T _ S . T ak e as an example R = B

4

, R

0

= A

1

,

S = B

2

. Then one c hec ks that this map is not injectiv e. 2

Corollary 4.1 A ny element of R ( R

0

; R ) is the le ast upp er b ound of a subset of

S ( R

0

; R ) .

Pro of: Induction on the rank. If S

0

2 R ( R

0

; R ), S

0

6= R

0

then S

0

con tains a

parab olic ro ot subsystem S of corank one in S

0

. By induction and lemma 4.2

w e �nd a subset of S ( R

0

; R ) for whic h S

0

is the least upp er b ound. 2
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Corollary 4.2 The set of al l interse ctions of hyp erplanes V

S

in V

R

0

, S 2

S ( R

0

; R ) , p artial ly or der e d by r everse d inclusion is isomorphic to R ( R

0

; R ) (as

p artial ly or der e d sets).

Pro of: This follo ws from corollary 4.1 and the fact that V

S

\ V

S

0

= V

S _ S

0

. 2

The h yp erplanes V

S

, S 2 S

o

( R

0

; R ) pla y a sp ecial role in the next section. T o

pro v e some prop erties of the in tersection structure of these h yp erplanes w e need

the follo wing lemma.

Lemma 4.3 If a r o ot subsystem S � R is irr e ducible and A � V

S

is a pr op er

line ar subsp ac e, then S � V

S n A

.

Pro of: If � 2 A \ S then S n A is in v arian t under re
ection in � . Moreo v er if �

is not p erp endicular to S n A then it is con tained in V

S n A

. Hence V

S

= V

S n A

� V

0

with V

0

= Span

C

f � 2 S j � ? S n A g . By irreducibilit y of S w e ha v e V

0

= f 0 g .

2

Lemma 4.4 L emma 4.1, lemma 4.2, c or ol lary 4.1 and c or ol lary 4.2 stil l hold

if one r eplac es R by R

o

and S by S

o

.

Pro of: If S; S

0

2 R

o

( R

0

; R ) then S \ S

0

6= ; and hence S _ S

0

is irreducible

pro ving lemma 4.1. If S 2 R

o

( R

0

; R ) and S

0

2 S

o

( S; R ) then S

0

n S is not

p erp endicular to R

0

b y lemma 4.3 and the fact that R

0

� S

0

. Hence for � 2 S

0

n S

the parab olic system ( V

R

0

+ C � ) \ R is irreducible pro ving lemma 4.2. Corollary

4.1 follo ws from the remark that an irreducible parab olic ro ot system con tains

an irreducible parab olic ro ot subsystem of corank one. Corollary 4.2 is then

clear. 2

Remark 4.1 If S; S

0

2 R

o

( R

0

; R ) then the gr e atest lower b ound of S and S

0

in

R ( R

0

; R ) need not b e irreducible . The irr e ducible c omp onent c ontaining R

0

is

the gr e atest lower b ound in R

o

( R

0

; R ) . So the exact me aning of S ^ S

0

dep ends

on the c ontext.

F or S 2 R ( R

0

; R ) w e denote the complemen t of all V

S

0

in V

S

, S

0

2 S ( S; R ), b y

H

S

( R ) or H

S

. Lik ewise for S 2 R

o

( R

0

; R ) w e denote the complemen t of all V

S

0

in V

S

, S

0

2 S

o

( S; R ) b y H

S

o

( R ) or H

S

o

.

Let the subgroup W ( R

0

; R ) of W ( R ) b e de�ned as the set of elemen ts w 2 W ( R )

suc h that w

j V

R

0

= � id

V

R

0

.

Lemma 4.5 The gr oup W ( R

0

; R ) is gener ate d by r e
e ctions ke eping R

0

p oint-

wise �xe d and at most one element w

�

2 W ( R ) such that w

�

( v ) = � v for al l

v 2 V

R

0

.
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Let w

�

2 W ( R

0

; R ) b e an y elemen t suc h that w

�

( v ) = � v for all v 2 V

R

0

(if

suc h an elemen t exists). It is w ell kno wn that the group of elemen ts �xing R

0

p oin t wise is generated b y re
ections. T ak e w 2 W ( R

0

; R ) and supp ose that

w ( v ) = � v for all v 2 V

R

0

. Then w w

�

�xes R

0

p oin t wise. Hence w = w w

�

� w

� 1

�

so w is a pro duct of re
ections �xing R

0

and w

� 1

�

. This pro v es the lemma. 2

Note that V

R

0

is stable under W ( R

0

; R ). Therefore the follo wing de�nition of a

W ( R

0

; R )-action on V

R

0

migh t b e unexp ected.

De�nition 4.2 De�ne a W ( R

0

; R ) -action on V

R

0

by

w :v =

�

w ( v ) if w �xes R

0

� w ( v ) otherwise

for any w 2 W ( R

0

; R ) and v 2 V

R

0

.

In section 4.5 it will b ecome clear wh y this is a natural action for our purp oses.

Lemma 4.6 If R is not of typ e D

n

( n o dd) nor of typ e E

6

then for any w 2

W ( R

0

; R ) ther e exists a ~w 2 W ( R ) �xing R

0

such that w :v = ~w ( v ) for al l

v 2 V

R

0

. In this c ase W ( R

0

; R ) acts fr e ely on H

R

0

.

Pro of: If R is not of t yp e D

n

( n o dd) or E

6

then either w ( v ) = v for all

w 2 W ( R

0

; R ) and v 2 V

R

0

or � 1 2 W ( R

0

; R ). In the latter case one can tak e

~w = � w . No w the group of elemen ts �xing R

0

acts freely on H

R

0

. 2

Lemma 4.7 If R is of typ e E

6

and w 2 W ( R

0

; E

6

) , v 2 H

R

0

ar e such that

w :v = v then the �xe d p oints of w on V

R

0

(with r esp e ct to the dot action) form

a line ar sp ac e of c o dimension at le ast two.

Pro of: If w 2 W ( R

0

; E

6

) �xes a linear subspace of V

R

0

of co dimension one then

either w or � w is a re
ection. In the �rst case w has no �xed p oin ts on H

R

0

b y

de�nition. If � w w ould b e a re
ection then w �xes a one dimensional facet of

E

6

in V

R

0

. Hence � 1 w ould b e an elemen t of the stabilizer of this facet. No w

suc h a stabilizer is the re
ection group of a ro ot system of one of the follo wing

t yp es: D

5

, A

1

� A

4

, A

2

� A

2

� A

1

or A

5

. In particular � 1 is not an elemen t of

suc h a stabilizer and hence � w can not b e a re
ection. 2

Corollary 4.3 If R

0

� E

6

is of r ank four then W ( R

0

; R ) acts fr e ely on H

R

0

( E

6

) .

Pro of: A non trivial linear subspace in V

R

0

has corank one. 2

Remark 4.2 Unfortunately an analo gue of lemma 4.7 do es not hold if R is of

typ e D

n

( n o dd). Consider R

0

of typ e A

m

, m � n � 2 . Then the longest element
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in D

n � 1

� A

m

�xes a subsp ac e of H

A

m

of c o dimension one that is not c ontaine d

in any of the sp ac es H

S

, S 2 S ( A

m

; D

n

) .

W e exclude the p ossibilit y for R to b e of t yp e D

n

( n o dd) in the rest of this

c hapter . (This is r e al ly not a b ad r estriction b e c ause these c ases ar e essential ly

c over e d by typ e B

n

).

4.3 The Cremona cone

In this section R has rank n and is not of t yp e D

n

( n o dd) and R

0

is again a

�xed non-empt y parab olic irreducible ro ot subsystem of R . Certain v arieties

asso ciated to Co xeter arrangemen ts are constructed. W e use h yp ergeometric

functions asso ciated to R to study rami�ed co v erings of suc h v arieties mo dulo

a W ( R

0

; R ) action.

F or all S 2 S

o

( R

0

; R ) let �

S

2 E b e a v ector in V

R

0

\ V

S

normalized b y ( �

S

; �

S

) =

2. All v ectors �

S

together span V

R

0

b ecause R is the least upp er b ound for

S

o

( R

0

; R ). The linear form ( � ; �

S

) on V

R

0

is denoted as �

�

S

. Let y

S

, S 2 S

o

( R

0

; R )

b e co ordinates on C

N ( R

0

;R )

. De�ne a map 


R

0

;R

: H

R

0

o

! C

N ( R

0

;R )

b y


 = 


R

0

;R

: v 7! (

1

( v ; �

S

)

)

S 2S

o

( R

0

;R )

:

Note that 
 is a smo oth injectiv e homogeneous map of degree � 1. De�ne

�

o

� V

R

0

� C

N ( R

0

;R )

b y

�

o

:= f ( v ; y ) j v 2 H

R

0

o

and 
 ( v ) = �y for some � 2 C

�

g :

Then �

o

is C

�

-in v arian t in b oth factors separately . Let � � V

R

0

� C

N ( R

0

;R )

b e

the top ological closure of �

o

. F or a set Y � V

R

0

w e de�ne a set

�( Y ) := f y 2 C

N ( R

0

;R )

j ( v ; y ) 2 � for some v 2 Y g :

Lemma 4.8 F or every set Y � V

R

0

the set �( Y ) is C -inva ria nt. If mor e over

C Y is close d then �( Y nf 0 g ) is also close d. In p articular �( f y g ) = �( f C

�

y g ) is

close d for al l y 2 V

R

0

.

Pro of: Left to the reader. 2

No w �( f 0 g ) is exactly the closure of 
 ( H

R

0

o

) in C

N ( R

0

;R )

. W e denote this closure

b y Cone ( R

0

; R ) and call it the Cr emona c one of the arrangemen t of R

0

in R .

Remark 4.3 In this way � c an b e viewe d as a bir ational map b etwe en P ( V

R

0

)

and P ( Cone ( R

0

; R )) .
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Example : If R = A

n

and R

0

= A

m

for some 1 � m < n then S

o

( A

m

; A

n

)

con tains exactly n � m ro ot systems of t yp e A

m +1

. In this case Cone( A

m

; A

n

)

equals C

n � m

. More generally Cone ( R

0

; R ) = C

N ( R

0

;R )

exactly if N ( R

0

; R ) =

rk ( R ) � rk ( R

0

).

Note that �( H

R

o

) = �( f 0 g ) equals Cone( R

0

; R ) (b y de�nition). More generally

w e ha v e the follo wing.

Theorem 4.1 F or S 2 R

o

( R

0

; R ) nf R

0

g de�ne �

S

:= �( H

S

o

) and take �

R

0

:=

f 0 g . T ake S; S

0

2 R

o

( R

0

; R ) such that S 6= R

0

. Then for any v 2 H

S

o

we have

�( f v g ) = �

S

and as a variety �

S

is isomorphic to Cone ( R

0

; S ) . The interse ction

�

S

\ �

S

0

exactly e quals �

S ^ S

0

(irr e ducible gr e atest lower b ound).

Pro of: T ak e v 2 H

S

o

. Let U

1

� H

S

o

b e a neigh b orho o d of v suc h that also

U

1

� H

S

o

. Let U

2

� V

S

\ V

R

0

b e a neigh b orho o d of 0 suc h that U

2

is compact.

Let " 2 C

�

b e small and u

1

2 U

1

, u

2

2 U

2

suc h that ( u

2

; �

T

) 6= 0 for all

T 2 R

o

( R

0

; S ), i.e. u

2

2 H

R

0

o

( S ). Then ( u

1

+ "u

2

; 
 ( "

� 1

u

1

+ u

2

)) 2 �

o

. The

co ordinate y

T

of 
 ( "

� 1

u

1

+ u

2

), T 2 S

o

( R

0

; R ), is giv en b y:

y

T

=

8

>

>

<

>

>

:

1

( u

2

; �

T

)

if T 2 S

o

( R

0

; S )

"

( u

1

; �

T

) + " ( u

2

; �

T

)

otherwise

No w let " tend to 0. Then the co ordinates y

T

for T = 2 S

o

( R

0

; S ) tend to 0 uniformly

in u

1

; u

2

while those for T 2 S

o

( R

0

; S ) are uniformly b ounded b elo w. This sho ws

that if y 2 �( f v g ) then its co ordinate y

T

can b e non-zero only if T 2 S

o

( R

0

; S ).

On the other hand if y 2 Cone( R

0

; R ) and all co ordinates y

T

are zero for T 2

S

o

( R

0

; R ) nS

o

( R

0

; S ) then it is not hard to c hec k that y is con tained in the closure

of

f (

1

( u

2

; �

T

)

)

T 2S

o

( R

0

;S )

j u

2

2 H

R

0

o

( S ) g

em b edded in C

N ( R

0

;R )

. So �

S

is isomorphic to Cone ( R

0

; S ) and �

S

\ �

S

0

equals

�

S ^ S

0

. 2

F or S 2 R

o

( R

0

; R ) w e de�ne G

S

as the complemen t of all �

S

0

in �

S

, S

0

2

R

o

( R

0

; S ) nf S g . It is the 


R

0

;S

-image of H

R

0

o

( S ) em b edded in Cone( R

0

; R ).

Theorem 4.2 Supp ose y 2 G

S

for S 2 R

o

( R

0

; R ) and let m = rk ( S ) � rk ( R

0

) ,

i.e. m = dim (�

S

) . Then y has a neighb orho o d in Cone ( R

0

; R ) which is isomor-

phic to a pr o duct

�

m

� (�

N ( S;R )

\ Cone ( S; R ))

wher e � � C denotes the unit disc. In this neighb orho o d G

S

c orr esp onds to

�

m

� f 0 g . In p articular G

S

is smo othly emb e dde d in Cone ( R

0

; R ) if and only if

N ( S; R ) e quals rk ( R ) � rk ( S ) .
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Pro of: Fix v

1

2 H

S

o

and v

2

2 H

R

0

o

( S ). Let U

2

� H

R

0

o

( S ) b e a neigh b orho o d of

v

2

and � > 0 suc h that

j ( u; �

T

) j � �

� 1

j ( v

1

; �

T

) j

for all u 2 U and T 2 S

o

( R

0

; R ) nS

o

( R

0

; S ).

The follo wing form ulas are inspired b y those for y

T

ab o v e. T ak e ( u; x ) 2

U � ( � �

N ( S;R )

\ Cone( S; R )) and de�ne the p oin t y ( u; x ) 2 C

N ( R

0

;R )

b y its

co ordinates:

y

T

( u; x ) :=

8

>

>

<

>

>

:

1

( u; �

T

)

if T 2 S

o

( R

0

; S )

x

T _ S

( v

1

; �

T

) + x

T _ S

( u; �

T

)

otherwise

; T 2 S

o

( R

0

; R )

Then one can c hec k that y ( u; x ) 2 Cone ( R

0

; R ). Indeed if w e tak e x 2 Cone( S; R )

giv en b y

x

T _ S

:=

( v

1

; �

T

) "

( u

1

; �

T

)

for T 2 S

o

( R

0

; R ) nS

o

( R

0

; S ) and some u

1

2 H

S

o

(this x is w ell de�ned) then

y ( u; x ) is just 
 ( "

� 1

u

1

+ u ). The map ( u; x ) 7! y ( u; x ) is biholomorphic on

U � ( � �

N ( S;R )

\ Cone ( S; R )). Moreo v er, y ( u; x ) 2 �( H

S

o

) precisely if x = 0.

Recall that N ( S; R ) = rk( R ) � rk( S ) implies Cone ( S; R ) = C

N ( S;R )

. If N ( S; R )

is greater ho w ev er then 0 is a singular p oin t of Cone ( S; R ). The theorem

follo ws. 2

If w 2 W ( R

0

; R ) then w :�

S

= � ( w ; S ) �

w :S

for some � ( w ; S ) 2 f� 1 ; 1 g . De�ne

a W ( R

0

; R )-action on C

N ( R

0

;R )

b y:

W ( R

0

; R ) 3 w

� 1

: ( y

S

)

S 2S

o

( R

0

;R )

7! ( � ( w ; S ) y

w :S

)

S 2S

o

( R

0

;R )

So W ( R

0

; R ) acts b y sign c hanges and p erm utations of the co ordinates. The

imp ortan t prop ert y of this action is that it mak es 
 a W ( R

0

; R )-equiv arian t

map. Hence � is stable under the diagonal W ( R

0

; R )-action on V

R

0

� C

N ( R

0

;R )

.

In particular the action on C

N ( R

0

;R )

restricts to an action on Cone ( R

0

; R ). In

all cases except p ossibly if R is of t yp e E

6

this action will b e free on 
 ( H

R

0

)

(lemma 4.6) and w e call this set the r e gular p art of Cone ( R

0

; R ).

Recall that G

S

has co dimension one in Cone ( R

0

; R ) precisely if rk ( S ) = n � 1.

In this case G

S

is smo othly em b edded.

Theorem 4.3 Supp ose S 2 R

o

( R

0

; R ) has r ank n � 1 . A n element w 2 W ( R

0

; R )

acting non trivial ly �xes �

S

p ointwise if and only if w acts as a r e
e ction on V

R

0

�xing V

S

(by the dot action). In p articular it is an involution on Cone ( R

0

; R ) .

Pro of: By in v ariance of � and theorem 4.1 w e conclude that V

S

and hence V

S

\

V

R

0

are stable under w . No w G

S

corresp onds to H

R

0

( S ) b y the w -equiv arian t
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map 


R

0

;S

. In particular G

S

is p oin t wise �xed if and only if V

S

\ V

R

0

is p oin t wise

�xed. Because w is non-trivial it m ust act as a re
ection. 2

Next w e study the ro ots in ( R

0

)

? ?

and the �xed p oin t sets on Cone( R

0

; R ) of

the corresp onding re
ections. If � 2 ( R

0

)

? ?

let �

�

b e the set of �xed p oin ts on

Cone ( R

0

; R ) of the re
ection s

�

with ro ot � .

Lemma 4.9 Supp ose � 2 ( R

0

)

? ?

and S 2 R

o

( R

0

; R ) . The set �

�

interse cts G

S

if and only if S is stable under the r e
e ction s

�

.

Pro of: Clearly W ( R

0

; R ) p erm utes the sets G

S

0

, S

0

2 R

o

( R

0

; R ). In particular

if s

�

has a �xed p oin t on G

S

then G

S

is stable under s

�

. By in v ariance of �

this implies that H

S

o

and hence S is s

�

-stable. If � ? S then �

S

is p oin t wise

�xed b y s

�

. If � 2 S then s

�

has a �xed p oin t on H

R

0

o

( S ) and hence on G

S

(essen tially the 


R

0

;S

-image of the former set). 2

F or an arbitrary collection of suc h re
ections the follo wing holds.

Theorem 4.4 L et A � ( R

0

)

? ?

and S 2 R

o

( R

0

; R ) . The r e
e ctions s

�

, � 2 A

have a c ommon �xe d p oint on G

S

if and only if the fol lowing c onditions ar e

satis�e d.

1. The r o ot system S is stable under every r e
e ction s

�

, � 2 A .

2. The r o ot system R

0

is an ortho gonal c omp onent of the smal lest element in

R ( R

0

; R ) c ontaining A \ S .

Pro of: Condition one states that ev ery s

�

has a �xed p oin t on G

S

b y the

previous lemma. Let T 2 R ( R

0

; R ) b e the smallest elemen t con taining A \ S .

Let T

o

b e the irreducible comp onen t of T con taining R

0

. Clearly T

o

2 R

o

( R

0

; S ).

Then the common �xed p oin ts of s

�

, � 2 A \ S on V

R

0

are con tained in V

T

o

.

Moreo v er H

R

0

o

( S ) con tains common �xed p oin ts if and only if T

o

= R

0

. No w

�xed p oin ts on G

S

corresp ond to �xed p oin ts on H

R

0

o

( S ). The theorem follo ws.

2

In the theory of groups generated b y re
ections of some v ector space it is w ell

kno wn that the stabilizer of an y p oin t is again generated b y re
ections. This

fails in general for the action of W ( R

0

; R ) on Cone ( R

0

; R ).

Theorem 4.5 Supp ose S 2 R

o

( R

0

; R ) and let y 2 G

S

. Supp ose the p air ( R

0

; R )

is not any of the fol lowing: ( A

1

; A

p

) with p � 3 o dd, ( A

p

; D

q

) with p � q � 2 ,

( A

j

; E

6

) with j 2 f 1 ; 2 ; 3 g . Then the stabilizer of y in W ( R

0

; R ) is the dir e ct

pr o duct of W ( S; R ) and the sub gr oup of W ( S ) gener ate d by al l r e
e ctions �xing

R

0

and y .

Pro of: Let w 2 W ( R

0

; R ) stabilize y 2 G

S

. Then S is w -stable. Let " 2 f� 1 ; 1 g

b e suc h that w ( v ) = "v for all v 2 V

R

0

. Then "w ( v ) = v for all v 2 V

R

0

and
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some non-zero v 2 H

R

0

o

( S ) \ E . Let C b e a c ham b er of S in V

S

\ E suc h

that C in tersects the �xed p oin ts of "w in a facet of highest p ossible dimension.

Because "w ( C ) is again a c ham b er and "w ( C ) \ C 6= ; there is a g 2 W ( S ) suc h

that "g w ( C ) = C . Moreo v er ev ery �xed p oin t of "w on V

S

is �xed b y g . In

particular g is a pro duct of re
ections in W ( S ) �xing R

0

and y .

The transformation "g w induces a diagram automorphism of S . If S admits no

non-trivial diagram automorphisms then g w 2 W ( S; R ).

Remains to consider the cases where S is of t yp e A

p

, D

q

or E

6

with a non-trivial

diagram automorphism. In these cases the automorphism is an in v olution and

the ro ots that are �xed form a ro ot subsystem of t yp e A

d p= 2 e

1

, D

q � 1

and D

4

resp ectiv ely . This restricts the p ossibilities to ( A

1

; A

p

), ( A

p

; D

q

), ( D

p

; D

q

),

( A

1 ; 2 ; 3

; E

6

) and ( D

4

; E

6

). The condition that the in v olution should ha v e �xed

p oin ts in H

R

0

o

( S ) and some explicit computations yield the list stated in the

theorem. 2

In the r emainder of this se ction we wil l always assume that the p air ( R

0

; R ) is

none of those liste d in the or em 4.5. In p articular this implies that W ( R

0

; R ) acts

fr e ely on H

R

0

as the only p ossible exc eptions would b e ( A

j

; E

6

) , j 2 f 1 ; 2 ; 3 g .

T o study the structure of Cone( R

0

; R ) mo dulo the W ( R

0

; R )-action w e in tro duce

a function of Nilsson class on the regular part 
 ( H

R

0

) of Cone( R

0

; R ) related to

the h yp ergeometric function of the ro ot system R .

Without loss of generalit y w e can assume that R

0

is generated b y the n � m sim-

ple ro ots �

1

; : : : ; �

n � m

2 R for some m � 1. Let v b e a regular p oin t in E

+

with

orbit W ( R ) v . Then the h yp ergeometric system E

W ( R ) v

( k ) has a m -dimensional

subspace of v ectors k ept �xed b y the re
ections � ( k ; g

1

) ; : : : ; � ( k ; g

n � m

). More-

o v er, an y germ comp onen t in E

v

( k ) of suc h a �xed v ector will extend holomor-

phically o v er an y p oin t in the space H

R

0

� V . Let x 2 H

R

0

\ E . By restriction

w e get a m -dimensional v ectorspace C

x

( k ) of germs of m ultiv alued functions on

H

R

0

at the p oin t x . Recall that for a m ultiplicit y parameter k on R the exp onent

of R is de�ned as

� ( R ; k ) := 1 �

1

n

X

� 2 R

k

�

2 Z [ k

�

] :

W e will need the follo wing remark able equalit y b et w een exp onen ts of ro ot

systems whic h pla ys a crucial role in the sequel.

Theorem 4.6 F or an y irr e ducible r o ot system R and an y p ar ab olic irr e ducible

r o ot subsystem R

0

the fol lowing e quality holds:

X

S 2S

o

( R

0

;R )

( � ( S; k ) � � ( R

0

; k )) = � ( R ; k ) � � ( R

0

; k )

Pro of: Unfortunately the only pro of I kno w at the momen t is b y an elab orate

case b y case v eri�cation using tables of the p ositiv e ro ots for all ro ot systems

R . 2
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T o obtain a Nilsson class function on 
 ( H

R

0

) w e w an t to use the map 
 to push

forw ard the system C

x

( k ) on H

R

0

. Ho w ev er, it turns out to b e more con v enien t

to push forw ard a sligh tly altered system on H

R

0

in order to obtain nice lo cal

prop erties on 
 ( H

R

0

). W e obtain this altered system C

alt

x

( k ) b y tensoring C

x

( k )

with the one dimensional space spanned b y a germ of the m ultiv alued function

Y

S 2S

o

( R

0

;R )

( �

�

S

)

� ( R

0

;k ) � � ( S;k )

at x 2 H

R

0

. The follo wing lemma states some imp ortan t prop erties of this

system.

Lemma 4.10 1. A ny germ in C

alt

x

( k ) is homo gene ous of de gr e e � ( R

0

; k ) .

2. F or any w 2 W ( R

0

; R ) ther e is a c anonic al isomorphism b etwe en the ve ctor

sp ac es C

alt

x

( k ) and C

alt

w x

( k ) . (Comp ar e with the sp ac es E

v

( k ) ).

3. F or � 2 ( R

0

)

? ?

the system C

alt

x

( k ) has exp onents 0 and 1 � 2 k

�

with

multiplicities m � 1 and 1 r esp e ctively along �

?

\ V

R

0

.

4. Supp ose S 2 R

o

( R

0

; R ) and rk ( S ) = n � 1 . Then the lo c al exp onents

along H

S

ar e � ( R

0

; k ) and � ( R

0

; k ) � � ( S; k ) with multiplicities m � 1 and

1 r esp e ctively.

Pro of: Clearly a germ in C

alt

x

( k ) is homogeneous of degree

� ( R ; k ) +

X

S 2S

o

( R

0

;R )

( � ( R

0

; k ) � � ( S; k )) :

Prop ert y 1 follo ws b y using theorem 4.6. T ranslation of a germ in C

alt

x

( k ) to

w x 2 H

R

0

yields a germ in C

alt

w x

( k ) b y the prop erties of the system E

v

( k ). This

pro v es 2. Let j > n � m b e suc h that �

j

2 V

R

0

. Then � ( k ; g

j

) comm utes

with all � ( k ; g

i

), i � n � m , and hence an y sp ecial eigen v ector of � ( k ; g

j

) is

� ( k ; g

i

)-in v arian t for i � n � m . This pro v es 3. Supp ose S is as in 4. W e

ma y assume that S is generated b y the simple ro ots �

1

; : : : ; c�

j

; : : : ; �

n

for some

j > n � m . The elemen t � ( k ; g

1

� � � bg

j

� � � g

n

)

h ( S )

, h ( S ) the Co xeter n um b er of

W ( S ), comm utes with all � ( k ; g

i

), i � n � m . Hence an eigen v ector of this

elemen t with eigen v alue one (unique upto scalar m ultiples) is k ept �xed b y all

� ( k ; g

i

), i � n � m . So the exp onen ts along H

S

are

� +

X

T 2S

o

( R

0

;S )

( � ( R

0

; k ) � � ( T ; k )) ; � 2 f � ( S; k ) ; 0 g

with m ultiplicities m � 1 ( � = � ( S; k )) and 1 ( � = 0). Prop ert y 4 follo ws b y

applying theorem 4.6. 2
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No w push forw ard the system C

alt

x

( k ) b y 
 to obtain the space C

cone


 ( x )

( k ) of germs

at y := 
 ( x ) 2 
 ( H

R

0

). F or this system one has the follo wing (compare with

the previous lemma).

Lemma 4.11 1. A ny germ in C

cone

y

( k ) is homo gene ous of de gr e e � � ( R

0

; k ) .

2. F or w 2 W ( R

0

; R ) ther e is a c anonic al isomorphism of the ve ctor sp ac e

C

cone

y

( k ) onto C

cone

w :y

( k ) .

3. L et � 2 ( R

0

)

? ?

. The exp onents of C

cone

y

( k ) along the �xe d p oints �

�

of the

r e
e ction s

�

ar e 0 and 1 � 2 k

�

with multiplicities m � 1 and 1 r esp e ctively.

4. L et S 2 R

o

( R

0

; R ) such that rk ( S ) = n � 1 . The exp onents of C

cone

y

( k )

along G

S

ar e 0 and � � ( S; k ) with multiplicities m � 1 and 1 r esp e ctively.

Pro of: The map 
 is homogeneous of degree � 1, hence the degree of C

cone

y

( k )

equals min us the degree of C

alt

x

( k ). This pro v es 1. Prop erties 2 and 3 are clear.

Supp ose S is as in 4. T ak e v 2 H

S

and � 2 V

R

0

suc h that v + �� 2 H

R

0

for small

� 6= 0. The exp onen ts in prop ert y 4 can b e deriv ed b y considering the smo oth

curv e 
 ( "

� 1

v + � ), " small, passing through G

S

together with the exp onen ts and

homogeneous degree of C

alt

x

( k ). 2

Let A b e the algebra of W ( R

0

; R )-in v arian ts in the co ordinate ring of the a�ne

v ariet y Cone( R

0

; R ). Let A

+

b e the maximal ideal of elemen ts with v anishing

constan t term. T ak e Cone ( R

0

; R ) =W ( R

0

; R ) := Sp ec ( A ) and think of this as a

w eigh ted homogeneous a�ne v ariet y . Then A

+

2 Sp ec ( A ) corresp onds to 0 in

this v ariet y and w e call this the origin of Cone ( R

0

; R ) =W ( R

0

; R ).

F or a homogeneous set U w e write �

W

( U ) for the image of �( U ) =W ( R

0

; R )

in Sp ec ( A ). The space Sp ec ( A ) has a natural strati�cation induced b y the

in tersection structure of the co dimension one subspaces �

W

S

:= �

S

=W ( R

0

; R )

and �

W

�

:= �

�

=W ( R

0

; R ). Here S ranges o v er the elemen ts in R

o

( R

0

; R ) of rank

n � 1 and � ranges o v er ( R

0

)

? ?

.

Let Y � 
 ( H

R

0

) denote the W ( R

0

; R )-orbit of y . As in the case of the system

E

v

( k ), the system C

cone

y

( k ) giv es rise to a m -dimensional system on �

W

( H

R

0

) (a

smo oth sub v ariet y) b y prop ert y 2. Denote this system b y C

cone

Y

( k ). Again, mon-

o drom y induces a represen tation �

�

of the fundamen tal group �

1

(�

W

( H

R

0

) ; Y )

on the dual C

�

Y

( k ) of C

cone

Y

( k ).

Lemma 4.12 Assume that the p ar ameter k 2 K

0

> 0

is chosen in such a way

that b oth � ( R ; k ) and � ( R

0

; k ) ar e in the hyp erb olic r ange. Then ther e exists a

p ositive de�nite �

�

-invariant Hermitian form on C

�

Y

( k ) .

Pro of: The m -dimensional subspace of E

W ( R ) v

( k ) �xed b y the �rst n � m

re
ections � ( k ; g

j

) is the orthoplemen t of the span of sp ecial eigen v ectors e

1

( k )
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upto e

n � m

( k ) with resp ect to the mono drom y in v arian t h yp erb olic form. By

assumption the form restricted to this span is also h yp erb olic and hence it is

de�nite on the orthoplemen t. It is also in v arian t on the altered system and on

its push forw ard. This pro v es the lemma. 2

W e are no w in a p osition to pro v e the main theorem of this section. Supp ose

S 2 R

o

( R

0

; R ) has rank n � 1 and � 2 ( R

0

)

? ?

. De�ne p

�

:= 2 = (1 � 2 k

�

) and

p

S

:= � z =� ( S; k ) where z is either 1 or 2 dep ending on whether or not W ( R

0

; R )

con tains an elemen t that acts as an in v olution �xing G

S

.

Theorem 4.7 Assume that b oth � ( R ; k ) and � ( R

0

; k ) ar e in the hyp erb olic r ange

(as in lemma 4.12). Assume p

�

2 N

� 2

and p

S

2 N

� 1

for al l p

�

and p

S

de�ne d

ab ove.

L et X

u

( p ) ! �

W

( H

R

0

) b e the universal Galois c overing of lo c al de gr e es p

�

and

p

S

along �

W

�

and �

W

S

r esp e ctively. Then X

u

( p ) emb e ds in a r ami�e d c overing

X

r

( p ) of Sp e c ( A ) . Mor e over X

r

( p ) natur al ly c arries the structur e of a ve ctor

sp ac e and the c overing automorphism gr oup is a �nite gr oup of line ar tr ansfor-

mations.

Pro of: The pro of is based on essen tially the same ideas found in the pro of of

theorem 3.14, page 58. Again C

cone

Y

( k ) induces a canonical m ultiv alued evalua-

tion map ev from �

W

( H

R

0

) in to the dual C

�

Y

( k ).

The co v ering X

u

( p ) extends to a rami�ed co v ering X

o

r

( p ) o v er the relativ e in-

teriors of the co dimension one divisors. By a computation of the W ronskian of

E

v

( k ) similar to the one in the pro of of theorem 3.13, page 56 one can pro v e

that the ev aluation map lifts to a single v alued immersion ev

o

r

on X

o

r

( k ).

No w one pro ceeds b y induction on the corank of R

0

in R . Let x b e a p oin t on

G

S

for some S 2 R

o

( R

0

; R ) of rank rk( R

0

) + m for some m > 0. By theorem 4.2

x has a neigh b orho o d U whic h is isomorphic to the pro duct

�

m

� (�

N ( S;R )

\ Cone( S; R )) :

No w b y assumption the stabilizer of x in W ( R

0

; R ) is a direct pro duct of W ( S; R )

and the subgroup of W ( S ) generated b y all re
ections �xing R

0

and x .

In particular the factors in this direct pro duct eac h act in a sep erate factor in the

Cartesian pro duct for U written ab o v e. Hence the pro jection of x on Sp ec( A )

has a small neigh b orho o d whose in tersection with the regular part �

W

( H

R

0

)

is also a pro duct U

1

� U

2

. Here U

1

is the complemen t of the discriminan t of

a �nite re
ection group in a neigh b orho o d of 0 and U

2

is the regular part of

Cone ( S; R ) =W ( S; R ) in tersected with a neigh b orho o d of its origin.

By the induction h yp othesis and the results of section 3.5 one concludes that

X

o

r

( p ) em b eds in a rami�ed co v ering X

�

r

( p ) of Sp ec( A ) nf A

+

g and X

�

r

( p ) is a

smo oth v ariet y .
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The map ev

o

r

extends lo cally biholomorphically o v er X

�

r

( p ) to a map ev

�

r

. The

fact that mono drom y of ev admits a p ositiv e de�nite in v arian t Hermitian form

implies that this extension is an isomorphism on to C

�

Y

( k ) nf 0 g .

Then C

�

Y

( k ) is a rami�ed co v ering of Sp ec( A ) extending X

u

( p ) and its automor-

phism group is just the mono drom y group of ev . 2

Remark 4.4 The c ondition that al l stabilizers should b e dir e ct pr o ducts is not

strictly ne c essary. The pr o of of the main the or em 4.15 in the next se ction is

mor e gener al. The ar gument given ther e c ould b e applie d her e as wel l. It turns

out however that we do not ne e d the str onger r esult that would b e obtaine d.

Remark 4.5 With the given assumptions the or em 4.7 implies that the homo-

gene ous de gr e e � � ( R

0

; k ) of C

cone

Y

( k ) e quals z =m for some inte ger m � 1 . Her e

z is either 1 or 2 dep ending on whether or not W ( R

0

; R ) c ontains an element

acting as � 1 on Cone ( R

0

; R ) .

4.4 GIT and ro ot systems

In this section w e generalize the usage of Geometric In v arian t Theory as in [DM]

to arbitrary ro ot systems. The relation b et w een our de�nitions and SL(2 ; C )-

in v arian ts is explained in theorem 4.8.

Denote the p olynomial algebra of V b y P [ V ] and let

P [ V ] =

M

d � 0

P

d

[ V ]

b e its canonical grading in homogeneous comp onen ts. If V = V

1

� V

2

for t w o

linear subspaces V

1

, V

2

then there is a canonical isomorphism

P

d

[ V ]

�

=

M

p + q = d

P

p

[ V

1

] 
 P

q

[ V

2

] :

W e will consider an elemen t of the space P

p

[ V

1

] 
 P

q

[ V

2

] as a P

p

[ V

1

]-v alued

p olynomial on V

2

homogeneous of degree q . In particular for an y S 2 R

o

( ; ; R )

w e ha v e suc h a decomp osition arising from V = V

S

� V

S

.

De�nition 4.3 L et S

0

� S b e two elements of R

o

( ; ; R ) . L et

P 2 P

a

[ V

S

0

] 
 P

b

[ V

S

0

] ;

i.e. a P

a

[ V

S

0

] -value d p olynomial on V

S

0

. If P 6= 0 the v anishing m ultiplicit y of

P along V

S

is de�ne d by

m

S

( P ) := max f j 2 N j P 2

M

d � j

P

a

[ V

S

0

] 
 P

d

[ V

S

\ V

S

0

] 
 P

b � d

[ V

S

] g :
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It is useful to de�ne m

S

(0) = 1 with 1 > m for al l inte gers m . The pr oje ction

of P in

P

a + m

S

( P )

[ V

S

] 
 P

b � m

S

( P )

[ V

S

]

is a P

a + m

S

( P )

[ V

S

] -value d p olynomial on V

S

and wil l b e denote d by P

S

.

Note that if S

0

has corank one in S and � 2 V

S

\ V

S

0

, � 6= 0 and

P 2 P

a

[ V

S

0

] 
 P

b

[ V

S

0

]

then P is divisible b y ( �

�

)

m

S

( P )

and no higher p o w er of �

�

. Here �

�

denotes

the linear functional ( � ; � ) on V

S

0

.

Lemma 4.13 L et S

00

� S

0

� S b e thr e e elements of R

o

( ; ; R ) and

P 2 P

a

[ V

S

00

] 
 P

b

[ V

S

00

] :

Then the fol lowing ine quality b etwe en multiplicities holds:

m

S

( P

S

0

) � m

S

( P ) � m

S

0

( P )

Pro of: This follo ws from the decomp osition

V

S

00

\ V

S

= ( V

S

0

\ V

S

00

) � ( V

S

0

\ V

S

) :

Indeed if P

S

0

has a non zero comp onen t in

P

a

[ V

S

00

] 
 P

d

1

[ V

S

0

\ V

S

00

] 
 P

d

2

[ V

S

0

\ V

S

] 
 P

d

3

[ V

S

]

then d

1

= m

S

0

( P ) and d

1

+ d

2

� m

S

( P ). Hence d

2

� m

S

( P ) � m

S

0

( P ) whic h

implies the same lo w er b ound for m

S

( P

S

0

). 2

W e can no w in tro duce the k ey ob ject for the construction, a certain algebra of

p olynomials. It is con v enien t to de�ne � ( ; ; k ) := 1.

Let k b e a rational m ultiplicit y parameter suc h that � ( R ; k ) lies in the range

(1 � m

2

; 0], i.e. is of h yp erb olic or parab olic t yp e ( m

2

denotes the second smallest

exp onen t of R ). Let N > 0 b e a common denominator of the k

�

, i.e. N k

�

2 Z

for all � 2 R . Then for an y ro ot subsystem S 2 R

o

( ; ; R ) w e ha v e N � ( S; k ) 2 Z .

Indeed an y � ( S; k ) is an a�ne function in k with in teger co e�cien ts.

De�nition 4.4 We de�ne a ve ctor sp ac e

A

N

( R ; k ) := f P 2 P

� N � ( R;k )

[ V ] j m

S

( P ) � � N � ( S; k ) for al l S 2 R

o

( ; ; R )

of r ank rk ( R ) � 1 g

De�ne a C -algeb r a A

N

( R ; k ) by

A

N

( R ; k ) :=

X

d � 0

A

dN

( R ; k )

If � ( R ; k ) < 0 then this algebr a has a natur al gr ading (the sum in its de�nition

is then a dir e ct sum). If � ( R ; k ) = 0 then A

N

( R ; k )

�

=

C .
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Before studying the structure of this algebra w e �rst sho w its relation to Geo-

metric In v arian t Theory as encoun tered in c hapter 2. T ak e R of t yp e A

n

. Use

the standard realisation of this ro ot system in C

n +1

. Let e

1

; : : : ; e

n

denote the

canonical basis of C

n +1

and V the n -dimensional subspace of all v ectors for

whic h the sum of their co ordinates equals zero. The ro ots are then giv en b y

e

i

� e

j

for 1 � i; j � n + 1 and i 6= j .

Let k = m= N for p ositiv e in tegers m and N suc h that N < ( n + 1) m < 2 N .

De�ne m

n +2

as the remainder 2 N � ( n + 1) m and tak e m

j

:= m for j 2

f 1 ; : : : ; n + 1 g . Let �

j

denote the canonical pro jection of ( P

1

)

n +2

on to the j

th

factor P

1

for j = 1 ; : : : ; n + 2. De�ne a line bundle L o v er ( P

1

)

n +2

as follo ws

L :=

n +2

O

j =1

�

�

j

O

P

1

( m

j

) :

Consider the diagonal SL(2 ; C )-action on ( P

1

)

n +2

. Then there is a canonical

SL(2 ; C )-action on L turning it in to a homogeneous line bundle. W e can iden tify

global sections in L


 d

with p olynomials in 2 n + 4 v ariables (written in matrix

form)

P

�

x

1 ; 1

: : : x

1 ;n +2

x

2 ; 1

: : : x

2 ;n +2

�

that are homogeneous of degree dm

j

in the j

th

column. An elemen t g 2 SL(2 ; C )

acts on suc h a section b y

( g P )( x ) := P ( g

� 1

x )

for a matrix x and matrix m ultiplication in the righ t hand side argumen t.

Theorem 4.8 Ther e is an isomorphism of algebr as

A ( L ) :=

M

d � 0

�(( P

1

)

n +2

; L


 d

)

SL(2 ; C )

�

=

A

N

( A

n

; k ) :

Her e the left hand side is the gr ade d algebr a of invariant se ctions in p owers of

L .

Pro of: De�ne a linear map 


d

of �(( P

1

)

n +2

; L


 d

)

SL(2 ; C )

in to P

� dN � ( A

n

;k )

[ V ]

b y




d

( P )( x

1

; : : : ; x

n +1

) := P

�

x

1

: : : x

n +1

1

1 : : : 1 0

�

Indeed one can c hec k that 


d

( P ) is homogeneous of degree � dN � ( A

n

; k ) b y

considering the action of diag ( �; �

� 1

) for � 2 C

�

.

The SL(2 ; C )-orbit O of the set

f

�

x

1

: : : x

n +1

1

1 : : : 1 0

�

j ( x

1

; : : : ; x

n +1

) 2 V g
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is just

f y 2 Mat(2 � ( n + 2) ; C ) j det( y

j

y

n +2

) 6= 0 for all j � n + 1 g

where y

j

denotes the j

th

column of y . In particular this set is dense and hence




d

is inje ctive . Remains to compute its image.

A parab olic irreducible ro ot subsystem of A

n

is of t yp e A

s

for some s � n . If S

is suc h a system of rank s < n then there exists a subset

I � f 1 ; : : : ; n + 1 g ; # I = s + 1

suc h that V

S

is just the set of all v ectors in V whose co ordinates e

j

, j 2 I coin-

cide. The re
ection group W ( A

n

) acts transitiv ely on parab olic ro ot subsystem

hence w e ma y assume that I is f 1 ; : : : ; s + 1 g . Let ( x; : : : ; x; x

s +2

; : : : ; x

n +1

) 2

V

S

and x

1

; : : : ; x

s +1

2 C suc h that

P

s +1

j =1

x

j

= 0. If P is an in v arian t section in

�(( P

1

)

n +2

; L


 d

) then an elemen tary calculation yields for all � 2 C :

P

�

x + �x

1

: : : x + �x

s +1

x

s +2

: : : x

n +1

1

1 : : : : : : 1 0

�

=

�

� dN � ( A

s

;k )

P

�

x

1

: : : x

s +1

x

s +2

� x : : : x

n +1

� x 1

1 : : : 1 � : : : � 0

�

This sho ws that m

S

( 


d

( P )) � � dN � ( A

s

; k ) and in particular 


d

( P ) is an ele-

men t of A

dN

( A

n

; k ). On the other hand if P 2 A

dN

( A

n

; k ) one can de�ne a

function

e

P on the dense orbit O b y prescribing

e

P

�

x

1

: : : x

n +1

1

1 : : : 1 0

�

:= P ( x

1

; : : : ; x

n +1

)

and extending it b y SL(2 ; C )-in v ariance and homogeneit y prop erties. The con-

ditions on the v anishing m ultiplicities of P are easily seen to imply that

e

P is

lo cally b ounded near an y p oin t in Mat(2 � ( n + 2) ; C ) . Hence

e

P extends to an in-

v arian t section also denoted

e

P . Clearly 


d

(

e

P ) = P . The sequence (1 ; 


1

; 


2

; : : : )

giv es the isomorphism. 2

Using theorem 4.6 on page 91 w e deriv e t w o imp ortan t facts ab out the algebra

A

N

( R ; k ).

Theorem 4.9 If P 2 A

dN

( R ; k ) and S 2 R

o

( ; ; R ) then the fol lowing ine quality

holds:

m

S

( P ) � � dN � ( S; k )

Pro of: This is true if r k ( S ) � n � 1. No w use do wn w ard induction on the rank

of S . So supp ose the ab o v e inequalit y holds for an y rank greater than m . Let S 2
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R

o

( ; ; R ) b e of rank m . F or an y S

0

2 S

o

( S; R ) the space V

S

0

is of co dimension

one in V

S

. P

S

is a homogeneous p olynomial of degree � dN � ( R ; k ) � m

S

( P ) on

V

S

. Moreo v er, b y our induction h yp othesis and lemma 4.13 w e ha v e:

m

S

0

( P

S

) � � dN � ( S

0

; k ) � m

S

( P )

This leads to the equation:

X

S

0

2S

o

( S;R )

( � dN � ( S

0

; k ) � m

S

( P )) � � dN � ( R ; k ) � m

S

( P )

No w using the equalit y from theorem 4.6 this is equiv alen t to

m

S

( P ) � � dN � ( S; k ) :

The theorem follo ws b y induction. 2

When equalit y holds, one can mak e a sharp er statemen t.

Theorem 4.10 L et S � R b e a p ar ab olic irr e ducible r o ot subsystem. If P 2

A

dN

( R ; k ) and m

S

( P ) = � dN � ( S; k ) then P

S

is a pur e pr o duct:

P

S

= Q 


Y

S

0

2S

o

( S;R )

( �

�

S

0

)

� dN ( � ( S

0

;k ) � � ( S;k ))

Her e �

S

0

2 V

S

0

\ V

S

is a non-zer o ve ctor and Q is an element of A

dN

( S; k ) .

Pro of: If m

S

( P ) = � dN � ( S; k ) then it follo ws from theorem 4.9 and lemma

4.13 that for an y S

0

2 S

o

( S; R ) the follo wing inequalit y holds:

m

S

0

( P

S

) � � dN ( � ( S

0

; k ) � � ( S; k ))

Hence P

S

is divisible b y ( �

�

S

0

)

� dN ( � ( S

0

;k ) � � ( S;k ))

. This implies that P

S

is divisible

b y a pro duct of linear factors of total degree at least � dN ( � ( R ; k ) � � ( S; k )).

But this is exactly the homogeneous degree of P

S

. This sho ws that it equals

a Q times this pro duct of linear functions for some Q 2 P

� dN � ( S;k )

[ V

S

]. That

this co e�cien t Q is in fact in A

dN

( S; k ) follo ws from the decomp osition

V = V

S

0

� ( V

S

0

\ V

S

) � V

S

for an y S

0

2 R

o

( ; ; S ). 2

Note that the pro of of theorem 4.10 ev en sho ws that the equalit y m

S

( P ) =

� dN � ( S; k ) implies the equalit y m

S

0

( P ) = � dN � ( S

0

; k ) for all S

0

2 S

o

( S; R )

and hence for all S

0

2 R

o

( S; R ).

The next lemma sho ws an in terrelation b et w een exp onen ts of irreducible para-

b olic ro ot subsystems.
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Lemma 4.14 Supp ose � ( R ; k ) is of hyp erb olic typ e, i.e. 1 � m

2

< � ( R ; k ) < 0 .

L et S 2 R

o

( ; ; R ) such that � ( S; k ) is also of hyprb olic typ e. L et S

0

2 R ( S; R ) .

If S

0

is irr e ducible then � ( S

0

; k ) is of hyp erb olic typ e. If S

0

is r e ducible and S

00

is an irr e ducible c omp onent of S

0

not c ontaining S then � ( S

00

; k ) > 0 i.e. it is

of el liptic typ e.

Pro of: Because b oth are parab olic w e ma y assume that S and S

0

are generated

b y simple ro ots of R . Sa y b y simple ro ots �

j

for j 2 I or j 2 I

0

resp ectiv ely .

Assume that S

0

is irreducible. Then the h yp erb olic Hermitian form H ( k ) as

de�ned in section 3.2 restricts to a h yp erb olic form on the C -span of e

j

, j 2 I .

Hence its restriction to the bigger C -span of e

j

, j 2 I

0

m ust also b e h yp erb olic.

This implies that � ( S

0

; k ) is of h yp erb olic t yp e.

If S

0

is reducible and S

00

is an irreducible comp onen t of S

0

di�eren t from S then

S

00

is generated b y simple ro ots �

j

, j 2 I

00

. Moreo v er �

i

? �

j

if i 2 I and

j 2 I

00

. By de�nition of H ( k ) the space Span

C

f e

i

j i 2 I g is p erp endicular to

Span

C

f e

j

j j 2 I

00

g with resp ect to H ( k ). Because H ( k ) is h yp erb olic on the

former span it m ust b y p ositiv e de�nite (elliptic) on the latter. This implies

that � ( S

00

; k ) > 0. 2

Theorem 4.10 allo ws the follo wing imp ortan t construction of algebra homomor-

phisms from A

N

( S; k ) to A

N

( S

0

; k ) for S

0

� S .

De�nition 4.5 L et S

0

� S � R b e irr e ducible and p ar ab olic r o ot subsystems

such that � ( S

0

; k ) � 0 . De�ne a homomorphism �

S

0

;S

: A

N

( S; k ) ! A

N

( S

0

; k )

of gr ade d algebr as as fol lows. Fix a p olynomial on V

S

0

\ V

S

given by

� :=

Y

S

00

2S

o

( S

0

;S )

( �

�

S

00

)

� N ( � ( S

00

;k ) � � ( S

0

;k ))

as in the or em 4.10 for d = 1 . If P 2 A

dN

( S; k ) then �

S

0

;S

( P ) is de�ne d as the

pr oje ction of P on

P

� dN � ( S

0

;k )

[ V

S

0

] 
 P

� dN ( � ( S;k ) � � ( S

0

;k ))

[ V

S

0

\ V

S

]

divide d by �

d

.

Call t w o homomorphisms �

1

; �

2

b et w een graded C -algebras A

1

; A

2

e quivalent if

there exists a non zero complex n um b er t suc h that for an y homogeneous z 2 A

1

�

1

( z ) = t

deg( z )

�

2

( z ) :

Note that the construction of �

S

0

;S

is unique upto equiv alence of homomor-

phisms. These homomorphisms relate nicely to eac h other according to the

follo wing lemma.
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Lemma 4.15 F or any se quenc e S

00

� S

0

� S the homomorphisms

�

S

00

;S

0

� �

S

0

;S

and �

S

00

;S

ar e equiv alen t .

Pro of: T ak e P 2 A

dN

( S; k ). If m

S

00

( P ) > � dN � ( S

00

; k ) then b oth homo-

morphisms are zero at P . So supp ose m

S

00

( P ) = � dN � ( S

00

; k ) and hence

m

S

0

( P ) = � dN � ( S

0

; k ). Using these t w o equalities and applying theorem 4.10

t wice sho ws that P has a non zero comp onen t

Q 
 �

0


 �

00

2 P

a

[ V

S

00

] 
 P

b

[ V

S

00

\ V

S

0

] 
 P

c

[ V

S

0

]

a = � dN � ( S

00

; k ) ; b = � dN ( � ( S

0

; k ) � � ( S

00

; k )) ;

c = � dN ( � ( S; k ) � � ( S

0

; k )) :

Here �

0

and �

00

are pro ducts of linear factors and Q 2 A

dN

( S

00

; k ) divides P .

In particular b oth homomorphisms map P to a non zero scalar m ultiple of Q .

2

Remark 4.6 One c an even pr ove that the �

S

0

;S

c an b e c onstructe d in such a

way that the homomorphisms �

S

00

;S

0

� �

S

0

;S

and �

S

00

;S

ar e e quivalent by a \twist"

of � 1 .

No w w e construct a v ariet y that is the a�ne cone of a completion of the pro jec-

tiv e set P ( V

r eg

) dep ending on the m ultiplicit y parameter k . The v ariet y Q

sst

app earing in [DM] is the SL(2 ; C )-quotien t of ( P

1

)

n +2

with resp ect to the line

bundle L , i.e. Pro j ( A ( L )). T o get a completion of P ( V

r eg

) in general it is

reasonable to consider

Pro j ( A

N

( R ; k )) :

Ho w ev er there remain some problems that complicate the study of this space in

great detail. Here are some imp ortan t ones.

1. F or what parameters k is A

N

( R ; k ) non-trivial?

2. Is A

N

( R ; k ) �nitely generated?

3. Are the homomorphisms �

S

0

;S

as in tro duced b efore surje ctive ?

4. Do es P ( V

r eg

) em b ed as an op en dense set?

Of course if R is of t yp e A

n

then these questions can b e answ ered a�rmativ ely .

The case of general systems remains unclear. A t the end of this c hapter I

presen t some partial results on the stated questions. T o do so w e consider only

a subalgebra of A

N

( R ; k ) in that section. Namely the algebra generated b y

pro ducts of dual ro ots.
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No w instead of studying the algebra A

N

( R ; k ) I consider the subalgebra gener-

ated b y one homogeneous comp onen t A

N

( R ; k ). This has the adv an tage that

the corresp onding a�ne v ariet y can b e constructed in a straigh t forw ard w a y

resulting in explicit form ulas and computations.

No w �x an irreducible ro ot system R of full rank � 3 in E and a rational

m ultiplicit y parameter k suc h that � ( R ; k ) is of h yp erb olic t yp e. F or an y S 2

R

o

( ; ; R ) w e de�ne

H

S

o

= H

S

o

( R ) := V

S

n [ f V

S

0

j S

0

2 R

o

( S; R ) with � ( S

0

; k ) � 0 g

Note that this coincides with H

S

o

( R ) of section 4.3 if � ( S; k ) � 0 so notation

should not b e to o confusing.

Fix a common denominator N > 0 of k suc h that N � ( S; k ) is even for all S 2

R

o

( ; ; R ) with � ( S; k ) < 0. The space A

N

( R ; k ) is clearly a �nite dimensional

v ector space. If A

0

N

( R ; k ) is its dual w e denote the canonical map of V

R

in to

A

0

N

( R ; k ) (ev aluation) b y �

R

. Then �

R

is homogeneous of degree � N � ( R ; k ) in

particular �

R

( � v ) = �

R

( v ) for all v 2 V

R

.

Lik e �

o

in section 4.3, page 87 w e de�ne

I

o

R

:= f ( v ; y ) 2 V

R

� A

0

N

( R ; k ) j �

R

( v ) = �y for some � 2 C

�

g :

Let I

R

b e the closure of I

o

R

and de�ne I

R

( Y ) for a subset Y � V

R

b y

I

R

( Y ) := f y 2 A

0

N

( R ; k ) j ( v ; y ) 2 I

R

for some v 2 Y g :

The homogeneous a�ne v ariet y Q ( R ; k ) is b y de�nition I

R

( f 0 g ), i.e. the closure

of �

R

( V

R

).

Note that if � ( R ; k ) = 0 then Q ( R ; k )

�

=

C and �

R

is a constan t non zero map.

T o relate the v arieties Q ( R ; k ) and Cone ( R

0

; R ) w e need the follo wing theorem.

Theorem 4.11 L et S 2 R

o

( ; ; R ) . De�ne a se quenc e of N ( S; R ) p olynomials

on V

S

as fol lows:

F

S

0

:=

Y

S

00

6= S

0

�

�

S

00

; S

0

2 S

o

( S; R )

The pr o duct is taken over every S

00

2 S

o

( S; R ) and �

S

00

is a �xe d non zer o ve ctor

in V

S

00

\ V

S

for al l S

00

2 S

o

( S; R ) .

If P is a p olynomial on V

S

such that:

1. P is homo gene ous of de gr e e m ( N ( S; R ) � 1) for some m � 1 .

2. F or al l S

0

2 R

o

( S; R ) the vanishing multiplicity of P along V

S

0

satis�es

m

S

0

( P ) � m ( N ( S; S

0

) � 1) :
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Then ther e exists a p olynomial Q in the indeterminates X

S

0

, S

0

2 S

o

( S; R ) such

that Q is homo gene ous of de gr e e m and

P = Q (( F

S

0

)

S

0

2S

o

( S;R )

) :

Pro of: The pro of is giv en b y using a partial fraction decomp osition theorem.

It will app ear in a separate article. 2

This theorem has the follo wing imp ortan t consequence.

Theorem 4.12 Supp ose S 2 R

o

( ; ; R ) and � ( S; k ) < 0 . L et 
 ( = 


S;R

) denote

the map of H

S

o

into Cone ( S; R ) as in se ction 4.3. L et for e ach S

0

2 S

o

( S; R )

the c orr esp onding c o or dinate of 
 b e given by 1 =�

�

S

0

. The map

�

S

: V

S

� 
 ( H

S

o

) ! Q ( R ; k )

given by

�

S

: ( v ; y ) 7!

0

@

Y

S

0

2S

o

( S;R )

y

� N ( � ( S

0

;k ) � � ( S;k ))

S

0

1

A

� �

R

( v + 


� 1

( y ))

is the r estriction of a p olynomial map on V

S

� C

N ( S;R )

. In p articular it extends

to a morphism �

S

of V

S

� Cone ( S; R ) into Q ( R ; k ) . Mor e over ther e exists a

non zer o c onstant c

st

such that �

S

( v ; 0) = c

st

�

S

( v ) � �

S;R

for al l v 2 V

S

.

Pro of: Let P 2 A

N

( R ; k ) and let d := � N � ( S; k ) + m for some m � 0. Denote

the pro jection of P on to P

d

[ V

S

] 
 P

� N � ( R;k ) � d

[ V

S

] b y P

d

. Then P

d

is divisible

b y the pro duct

�

d

:=

Y

S

0

2S

o

( S;R )

( �

�

S

0

)

� N � ( S

0

;k ) � d

:

Consider the P

d

[ V

S

]-v alued p olynomial P

d

= �

d

on V

S

. It is homogeneous of

degree m ( N ( S; R ) � 1) and satis�es m

S

0

( P

d

= �

d

) � m ( N ( S; S

0

) � 1) for an y

S

0

2 R

o

( S; R ). No w b y putting the de�nitions together one c hec ks

1 = �

0

( 


� 1

( y )) =

Y

S

0

2S

o

( S;R )

y

� N ( � ( S

0

;k ) � � ( S;k ))

S

0

:

Using theorem 4.11 w e conclude that

Y

S

0

2S

o

( S;R )

y

� N ( � ( S

0

;k ) � � ( S;k ))

S

0

P

d

( u + 


� 1

( y ))

is p olynomial in u and y and homogeneous of degree m in y . This sho ws that

�

S

extends to a morphism on V

S

� Cone ( S; R ). F or y = 0 w e get �

S

( v ; 0)( P ) =
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( P

0

= �

0

)( v ) and this is exactly �

S

( v ) � �

S;R

( P ) for all P upto some scalar m ultiple.

2

If S 2 R

o

( ; ; R ) and � ( S; k ) = 0 then �

S

has the in v ariance prop ert y

�

S

( �u; �

� 1

y ) = �

S

( u; y )

for all � 2 C

�

. Moreo v er �

S

( u; y ) is a �xed p oin t if either one of u and y v anishes

(i.e. it do es not dep end on the other parameter). Let |

S

b e the canonical map of

V

S

� C

N ( S;R )

in to V

S


 C

N ( S;R )

(a Segre em b edding from a pro jectiv e geometric

p oin t of view). Then the map �

c

S

:= �

S

� |

� 1

S

is a w ell de�ned morphism of

|

S

( V

S

� Cone( S; R )) in to Q ( R ; k ).

A t this p oin t w e will mak e some assumptions to assure that the v arieties Q ( R ; k )

ha v e some nice prop erties. P artial justi�cation of these assumptions is giv en at

the end of this section.

We make the fol lowing assumptions.

1. F or al l S 2 R

o

( ; ; R ) with � ( S; k ) < 0 : The map �

S

is an immersion

of H

;

o

( S ) onto an op en dense set in Q ( S; k ) . Mor e over �

S

( v

1

) = �

S

( v

2

)

for some v

1

; v

2

2 V

S

if and only if v

1

= ! v

2

for some ! 2 C satisfying

!

N � ( S;k )

= 1 .

2. If S 2 R

o

( ; ; R ) with � ( S; k ) � 0 and S

0

2 R

o

( S; R ) then �

S;S

0

is surje c-

tive.

3. F or any S 2 R

o

( ; ; R ) such that � ( S; k ) < 0 : If v 2 H

;

o

( S ) then �

S

is

lo c al ly biholomorpic at ( v ; 0) 2 V

S

� Cone ( S; R ) , i.e. is the r estriction of

a lo c al ly biholomorphic map.

4. F or any S 2 R

o

( ; ; R ) with � ( S; k ) = 0 : The map

C

�

� |

S

( V

S

� Cone ( S; R )) 3 ( z ; t ) 7! z �

c

S

( t ) 2 Q ( R ; k )

is lo c al ly biholomorphic at (1 ; 0) .

If S � S

0

� R are in R

o

( ; ; R ) the homomorphism �

S;R

induces an injectiv e

linear map �

�

S;R

of A

0

N

( S; k ) in to A

0

N

( R ; k ) and �

�

S

0

;R

� �

�

S;S

0

equals �

�

S;R

upto

some scalar m ultiple. There is a nice relation b et w een Q ( S; k ) and Q ( R ; k )

using the map �

�

S;R

.

Theorem 4.13 L et S 2 R

o

( ; ; R ) such that S 6= R and � ( S; k ) � 0 . The map

�

�

S;R

maps Q ( S; k ) into I

R

( H

S

o

) � Q ( R ; k ) .

Pro of: Let u

1

2 V

S

and u

2

2 H

S

o

. T ak e � 2 C

�

. Then ( �u

1

+ u

2

; �

S

( u

1

; �
 ( u

2

))

is an elemen t of I

R

where �

S

and 
 are as in theorem 4.12. In particular
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( u

2

; �

S

( u

1

; 0)) 2 I

R

whic h sho ws that �

S

( u

1

; 0) = c

st

�

�

S;R

� �

S

( u

1

) is con tained

in I

R

( f u

2

g ). Because the latter set is closed �

�

S;R

maps Q ( S; k ) in to I

R

( f u

2

g ).

2

Note that if � ( S; k ) = 0 then �

�

S;R

maps Q ( S; k ) on to a line (a one dimensional

linear space). Indeed Q ( S; k )

�

=

C in this case. W e call suc h lines the cuspidal

lines on Q ( R ; k ) and an y p oin t on suc h a line a cuspidal p oin t.

The follo wing theorem pro v es that in fact I

R

( H

S

o

) is exactly the �

�

S;R

-image of

Q ( S; k ).

Theorem 4.14 The �

�

S;R

-images of I

S

( H

;

o

( S )) c onstitute a str ati�c ation of

Q ( R ; k ) nf 0 g if S r anges over al l elements of R

o

( ; ; R ) with � ( S; k ) � 0 .

Pro of: Let � : Y ! V

R

nf 0 g b e a smo oth blo w up suc h that:

1. The restriction of � to �

� 1

( H

;

o

) is an injectiv e immersion.

2. F or S 2 R

o

( ; ; R ) with � ( S; k ) � 0 the closure of the preimage �

� 1

( H

S

o

)

in Y is a divisor of co dimension one.

3. These divisors ha v e normal crossings.

T ak e n = rk( R ). Let x 2 Y b e a p oin t and x

1

; : : : ; x

n

p olydisc co ordinates on

a neigh b orho o d U of x suc h that the exceptional divisors on Y passing through

U ha v e lo cal equations x

j

= 0, j = 1 ; : : : ; s for some s � n . Let W ( R

j

) b e

the stabilizer of the � -image of the divisor x

j

= 0 for some ro ot subsystem R

j

.

De�ne n um b ers m

j

as the m ultiplicit y � N � ( R

j

; k ) for j � s .

Then the map on U nf u 2 U j x

j

( u ) = 0 for some j � s g giv en b y

x

� m

1

1

� � � x

� m

s

s

� �

R

� �

extends holomorphically o v er all p oin ts u 2 U with x

j

( u ) = 0 for at most one

j � s . Indeed b y the argumen t from the pro of of the previous theorem it maps

the set

f u 2 U j x

j

( u ) = 0 and x

i

( u ) 6= 0 for all i � s; i 6= j g

in to �

�

R

j

;R

( Q ( R

j

; k )). No w b y Hartog's theorem the map extends o v er all of

U and the divisor x

j

= 0 necessarily gets mapp ed in to �

�

R

j

;R

( Q ( R

j

; k )). The

theorem follo ws b y induction on the rank of R . 2

With this strati�cation of Q ( R ; k ) in mind, assumptions 3 and 4 ab out the

nature of Q ( R ; k ) ab o v e giv e its lo cal structure near non-cuspidal and cuspidal

p oin ts resp ectiv ely .

The re
ection group W ( R ) acts naturally on A

N

( R ; k ). The map �

R

is W ( R )-

equiv arian t and hence I

R

is in v arian t under the diagonal W ( R )-action. In par-

ticular the W ( R )-action restricts to an action on Q ( R ; k ). The map �

�

S;R

is
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W ( S )-equiv arian t if w e consider W ( S ) as a subgroup of W ( R ) in the natural

w a y .

If S 2 R

o

( ; ; R ) has rank rk ( R ) � 1 and � ( S; k ) < 0 then I

R

( H

S

o

) has co dimension

one in Q ( R ; k ).

Lemma 4.16 F or S as ab ove the element w 2 W ( R ) acts as an involution on

Q ( R ; k ) that �xes I

R

( H

S

o

) p ointwise if and only if � w is a r e
e ction �xing S .

Pro of: By in v ariance of I

R

and theorem 4.13 suc h an elemen t w m ust act as

a scalar ! on V

S

for some ! satisfying !

N � ( S;k )

= 1. Then w maps S on to S

and so ! = � 1. No w w acts non trivial on Q ( R ; k ) and hence ! w has to b e a

re
ection of V ( S has corank one in R ). 2

An y re
ection in W ( R ) acts as a certain in v olution on Q ( R ; k ) �xing a sub v ariet y

of co dimension one. On V an y subgroup W ( S ) for S � R a strict parab olic ro ot

subsystem has a nonzero sim ultaneous �xed p oin t. On Q ( R ; k ) the situation is

di�eren t.

Lemma 4.17 L et S 2 R

o

( ; ; R ) . The sub gr oup W ( S ) of W ( R ) has a simulta-

ne ous �xe d p oint on �

R

( H

;

o

) if and only if � ( S; k ) > 0 .

Pro of: The map �

R

is W ( R )-equiv arian t and its �bres are C

� N � ( R;k )

-orbits

(cyclic group of ro ots of unit y acting b y scalar m ultiplication). Hence �xed

p oin ts of a re
ection s

�

2 W ( S ) on �

R

( H

;

o

) are exactly the �

R

-images of its

eigenspaces in V

R

(recall that N � ( S; k ) w as supp osed to b e ev en). The in ter-

section of eigenspaces of all re
ections in W ( S ) is exactly V

S

. W e conclude the

pro of b y the observ ation that V

S

in tersects H

;

o

if and only if � ( S; k ) > 0. 2

Corollary 4.4 L et S b e as in the pr evious lemma and let S

0

2 R

o

( ; ; R ) such

that � ( S

0

; k ) < 0 . The gr oup W ( S ) has a simultane ous �xe d p oint on the r elative

interior

�

�

S

0

;R

� �

S

0

( H

;

o

( S

0

))

of Q ( S

0

; k ) emb e dde d in Q ( R ; k ) if and only if � ( S; k ) > 0 and S

0

is W ( S ) -stable.

Pro of: The set �

�

S

0

;R

� �

S

0

( H

;

o

( S

0

)) in tersects no I

R

( H

S

00

o

) for an y S

00

� S

0

. By

W ( R )-in v ariance of I

R

it follo ws that H

S

0

o

and hence S

0

m ust b e W ( S )-stable.

If S ? S

0

then � ( S; k ) > 0 b y lemma 4.14 on page 100 and W ( S ) ev en �xes

I

R

( H

S

0

o

) p oin t wise. If S � S

0

w e can apply the previous lemma on Q ( S

0

; k ) b y

W ( S )-equiv ariance of �

�

S

0

;R

. 2

The imp ortance of these observ ations is that if x 2 Q ( R ; k ) nf 0 g is an y non

cuspidal p oin t then x can b e W ( S )-stable for some S 2 R

o

( ; ; R ) only if � ( S; k ) >

0, i.e. is of elliptic t yp e. This pla ys an imp ortan t role in pro ving the main

theorem on discreteness of mono drom y in this case.
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4.5 Hyp ergeometric functions

After studying the v ariet y Q ( R ; k ) the h yp ergeometric function returns in to pla y .

In this section w e �nally w an t to pro v e discreteness of the mono drom y group of

the system E

S

( k ) under some natural in tegralit y conditions on its exp onen ts.

The h yp ergeometric system for a ro ot system of t yp e D

n

is actually the same

as that of t yp e B

n

if w e de�ne k

�

= 0 for the 2 n \short" ro ots. Because of this

and the fact that D

n

pla ys an exceptional role in some sense (see remark 4.2 on

page 86 for example) w e do not consider ro ot systems of t yp e D

n

in this section

altogether.

The map �

R

is assumed to b e an immersion on H

;

o

. In particular it is an

immersion on V

r eg

. Consider the h yp ergeometric system E

v

( k ) of germs at the

p oin t v 2 V

r eg

. Let y := �

R

( v ) and denote the pushforw ard of E

v

( k ) b y �

R

as

E

Q

y

( k ). Naturally an y germ in E

Q

y

( k ) can b e con tin ued analytically throughout

�

R

( V

r eg

). The system has the follo wing prop erties.

Lemma 4.18 1. The determination or der of E

Q

y

( k ) is rk ( R ) and any deter-

mination is homo gene ous of de gr e e 1 = N .

2. F or any w 2 W ( R ) ther e is a c anonic al isomorphism of E

Q

y

( k ) onto E

Q

w y

( k )

as ve ctor sp ac es.

3. F or any r o ot � 2 R the system E

Q

y

( k ) has exp onents 0 and 1 � 2 k

�

along

�

R

( �

?

\ V

r eg

) with multiplicities n � 1 and 1 r esp e ctively.

4. L et S 2 R

o

( ; ; R ) b e of r ank rk ( R ) � 1 such that � ( S; k ) < 0 . Then the

exp onents of E

Q

y

( k ) along I

R

( H

S

o

) ar e 0 and � � ( S; k ) with multiplicities

rk ( R ) � 1 and 1 r esp e ctively.

Pro of: The �bres of �

R

on V

r eg

are orbits of a cyclic group. Because the system

E

v

( k ) is homogeneous of degree � ( R ; k ) it is in v arian t under this cyclic group.

Hence the push forw ard E

Q

y

( k ) has the same determination order (rk( R )). The

homogeneous degree of E

Q

y

( k ) is the quotien t of the homogeneous degrees of

E

v

( k ) and the map �

R

. This pro v es 1.

Prop erties 2 and 3 are clear. Let S b e as in prop ert y 4. Recall that in this

case I

R

( H

S

o

) has co dimension one in Q ( R ; k ) and is isomorphic to Q ( S; k ). Let

u

1

2 V

S

and u

2

2 H

S

o

. The curv e

� 7! �

S

( u

1

; �
 ( u

2

))

is a smo oth curv e for � 2 C near 0 and passes through I

R

( H

S

o

). By de�nition

of �

S

it is also giv en b y

� 7! c

st

�

R

( �

�

� ( S ;k )

� ( R;k )

( �u

1

+ u

2

))
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where c

st

is some constan t. Recall that the system E

v

( k ) is homogeneous of

degree � ( R ; k ) and has lo cal exp onen ts � ( S; k ) and 0 along V

S

with m ultiplicities

rk ( R ) � 1 and 1 resp ectiv ely . If � is one of these exp onen ts then the form ula

ab o v e sho ws that � � � ( S; k ) is a lo cal exp onen t of E

Q

y

( k ) along I

R

( H

S

o

). 2

Let A b e the algebra of W ( R ) in v arian t elemen ts in the co ordinate ring of

the a�ne v ariet y Q ( R ; k ). T ak e Q ( R ; k ) =W ( R ) := Sp ec( A ) and think of this

as a w eigh ted homogeneous a�ne v ariet y . Let A

+

b e the ideal of A of all

elemen ts with zero constan t term. W e will call A

+

the origin of the v ariet y

Q ( R ; k ) =W ( R ). There is a canonical pro jection of Q ( R ; k ) on to Q ( R ; k ) =W ( R ).

F or U � V denote the quotien t I

R

( U ) =W ( R ) b y I

W

R

( U ). If S 2 R

o

( ; ; R ) and

� ( S; k ) = 0 w e call I

W

R

( H

S

o

) also a cuspidal line .

The map �

R

is not injectiv e on V

r eg

and hence W ( R ) will not ev en act freely on

�

R

( V

r eg

) in general. Ho w ev er w e assumed that the rank of R is at least three.

A consequence of this is that if w 2 W ( R ) has a �xed p oin t on �

R

( V

r eg

) then

the �xed p oin t set of w has co dimension at least t w o in �

R

( V

r eg

) (recall that

w e excluded the case D

n

( n o dd) whic h w ould b e a coun ter example to this

observ ation). W e denote the maximal subset of �

R

( V

r eg

) on whic h W ( R ) acts

freely b y Q

f

( R ; k ). In particular �

R

( V

r eg

\ E ) � Q

f

( R ; k ).

Let Y denote the W ( R )-orbit of y on Q

f

( R ; k ). The system E

Q

y

( k ) descends

naturally to a system E

Q

Y

( k ) on Q

f

( R ; k ) =W ( R ). Denote the dual of E

Q

Y

( k ) as a

v ector space b y E

Q

Y

( k )

�

. Analytic con tin uation of (comp ound) germs in E

Q

Y

( k )

induces a (left) represen tation

�

�

: �

1

( Q

f

( R ; k ) =W ( R ) ; Y ) ! End( E

Q

Y

( k )

�

) :

Note that �

1

( Q

f

( R ; k ) =W ( R ) ; Y ) is isomorphic to �

1

( C

n

n � ; P ( v )) and hence

to B ( M ). The �

�

-in v arian t Hermitian form H

�

on E

Q

Y

( k )

�

is non degenerate

and has signature (1 ; n � 1).

There is a natural m ultiv alued ev aluation map ev of Q

f

( R ; k ) =W ( R ) in to E

Q

Y

( k )

�

whose mono drom y is giv en b y �

�

. Recall that ev maps ev en in to B , the set of

all v ectors v suc h that H

�

( v ; v ) > 0. Let B b e the ( n � 1)-dimensional complex

ball. Then C � B is the univ ersal co v ering of B . If

e

X is the univ ersal co v ering of

Q

f

( R ; k ) =W ( R ) then ev induces a (single v alued) map

f

EV on

e

X mapping in to

C � B as in section 3.7. Let ~� : Aut(

e

X j X ) !

e

G b e a homomorphism on to a

group of transformations of C � B suc h that

f

EV( g x ) = ~� ( g )

f

EV( x )

for all x 2

e

X and g 2 Aut(

e

X j X ) (compare with �gure 3.4, page 72).

W e can no w form ulate the main theorem of this section. F or � 2 R de�ne

p

�

:= 2 = (1 � 2 k

�

). Let S 2 R

o

( ; ; R ) b e of rank rk( R ) � 1 suc h that � ( S; k ) < 0.

De�ne p

S

as � 2 =� ( S; k ) or � 1 =� ( S; k ) dep ending on whether or not W ( R )

con tains an elemen t w stabilizing S suc h that w or � w is a re
ection of V

R

.
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Theorem 4.15 Assume that the four conditions on page 104 hold . Supp ose

that for al l � 2 R the numb er p

�

2 N

� 2

and for al l S of r ank rk ( R ) � 1 with

ne gative exp onent the numb er p

S

2 N

� 1

. L et X

u

( p ) b e the universal Galois

c overing of Q

f

( R ; k ) =W ( R ) with lo c al de gr e es p

�

and p

S

along I

W

R

( �

?

\ V

r eg

)

and I

W

R

( H

S

o

) r esp e ctively. Then

f

EV induc es an emb e dding of X

u

( p ) into C � B .

Mor e over C � B is a r ami�e d c overing of Q ( R ; k ) =W ( R ) minus the origin and al l

cuspidal lines extending X

u

( p ) and with automorphism gr oup

e

G . In p articular

the image of �

�

acts discr etely on B .

Pro of: A sp ecialization of the argumen t from section 3.7. Considering the lo cal

exp onen ts of the system E

Q

Y

( k ) sho ws that

f

EV descends to a lo cally biholomor-

phic map ev

u

on X

u

( p ).

No w use the lo cal structure of Q ( R ; k ) to extend X

u

( p ) as follo ws. Let S 2

R

o

( ; ; R ) b e suc h that � ( S; k ) < 0. T ak e x in the relativ e in terior �

S

( H

;

o

( S ))

of Q ( S; k ) em b edded in Q ( R ; k ) b y �

�

S;R

. By our assumptions on Q ( R ; k ) and

the prop erties of the morphism �

S

in tro duced b efore x has a neigh b orho o d U

isomorphic to

�

rk ( S )

� (�

N ( S;R )

\ Cone( S; R )) :

W e ma y assume that U is suc h that for an y w 2 W ( R ) if w U \ U 6= ; then w

�xes x . W e ma y also assume that U \ Q

f

( R ; k ) is the pro duct of its pro jections

on eac h of the factors of U (in the cartesian pro duct for U sho wn ab o v e).

A n enumer ation of al l p ossible multiplicity p ar ameters k under c onsider ation

shows that the p air ( S; R ) wil l never b e any of those liste d in the or em 4.5,

p age 90. Henc e the or em 4.7, p age 94 wil l b e applic able to Cone ( S; R ) . Se e

the tables in chapter 5.

Let S

0

� S b e the set of ro ots suc h that s

�

x = x for all � 2 S

0

. Then S

0

is a

parab olic ro ot system and eac h irreducible comp onen t has a p ositiv e exp onen t,

i.e. is elliptic.

Let the subgroup �

x

of W ( R ) b e the direct pro duct of W ( S

0

) and W ( S; R ).

Here W ( S; R ) is as in tro duced in section 4.3. It is a normal subgroup of the

stabilizer of x in W ( R ).

Both W ( S

0

) and W ( S; R ) act on a separate factor in the cartesian pro duct of U .

Indeed if w 2 W ( S; R ) suc h that w ( v ) = � v for all v 2 V

S

and P 2 A

N

( R ; k )

then

P ( w ( v

S

+ v

S

)) = P ( � v

S

+ w ( v

S

)) = P ( v

S

� w ( v

S

))

for all v

S

2 V

S

and v

S

2 V

S

. This is the reason for in tro ducing the W ( S; R )-

action as w e did in de�nition 4.2, page 86.

Replace U b y the smaller symmetric neigh b orho o d

U := \

w 2 �

x

w U:
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The space ( U \ I

R

( V

r eg

)) = �

x

is also a cartesian pro duct, namely of the comple-

men t of a discriminan t and the regular part of Cone ( S; R ) =W ( S; R ) in tersected

with a neigh b orho o d of its origin. Hence the univ ersal Galois co v ering U ( p ) of

this quotien t space with lo cal degrees p

�

and p

S

along co dimension one divisors

on Q ( R ; k ) has �nite degree and em b eds in a smo oth rami�ed co v ering of U = �

x

b y the results of sections 3.5 and 4.3.

Replace U again b y the smaller neigh b orho o d

U := \

w 2 Stab

W ( R )

( x )

w U:

Then the Galois co v ering U ( p ) is also the univ ersal Galois co v ering with the

same lo cal degrees of

( U \ I

R

( V

r eg

)) = Stab

W ( R )

( x ) :

Indeed the map of U = �

x

on to U = Stab

W ( R )

( x ) is a rami�ed co v ering with lo cal

degrees one along the co dimension one divisors.

Again it can b e sho wn (using the fact that

f

EV induces a lo cally biholomorphic

map on the extension of U ( p ) as in theorem 3.14, page 58 in section 3.5) that

U ( p ) em b eds in X

u

( p ) and hence this co v ering extends to a rami�ed co v ering

X

�

r

( p ) of Q ( R ; k ) =W ( R ) min us the cuspidal lines and the origin. A similar

argumen t as in section 3.7 sho ws that the map ev

u

extends to a biholomorhic

map of X

�

r

( p ) on to C � B .

This pro v es the theorem. 2

4.6 Some computational results

Let k b e a rational m ultiplicit y parameter and N > 0 a common denominator of

k . In this section w e study a certain subalgebra of A

N

( R ; k ). Let m : R ! N b e

some m ultiplicit y parameter (not necessarily W ( R )-in v arian t). The follo wing

\monomial"

Y

�> 0

( �

�

)

m

�

is an elemen t of A

N

( R ; k ) if and only if it satis�es:

1.

P

�> 0

m

�

= � dN � ( R ; k ) for some d 2 N .

2.

P

� 2 S \ R

+

m

�

� � dN � ( S; k ) for all S 2 R

o

( ; ; R ) and d 2 N satisfying

prop ert y 1.

All suc h monomials together generate a graded subalgebra A

r

N

( R ; k ) of A

N

( R ; k ).

Theorem 4.16 If R is of typ e A

n

then A

r

N

( R ; k ) and A

N

( R ; k ) ar e the same.
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Pro of: This is a consequence of the main theorem in in v arian t theory for

SL(2 ; C ): The algebra of in v arian t sections in L is generated b y pro ducts of

determinan ts det( y

i

y

j

), i 6= j , y 2 Mat(2 � ( n + 2) ; C ) . Under the isomorphism

( 


d

) : A ( L ) ! A

N

( A

n

; m= N ) these determinan ts coincide with dual ro ots �

�

.

2

Because A

r

N

( R ; k ) can b e iden ti�ed with the C -algebra generated b y a rational

cone in N

R

+

it follo ws that A

r

N

( R ; k ) is �nitely generated.

Theorem 4.17 The algebr a A

r

N

( R ; k ) is non trivial exactly in the fol lowing

c ases:

R � ( R ; k ) 2

A

n

[ � 1 ; 0)

B

n

[ � 2 ; 0)

E

6

[ � 3 ; 0)

E

7

[ � 7 = 2 ; 0)

E

8

[ � 16 = 3 ; 0)

F

4

[ � 4 ; 0)

H

3

[ � 3 ; 0)

H

4

[ � 8 ; 0)

Pro of: Supp ose the monomial with m ultiplicit y parameter m 6= 0 is an elemen t

of A

N

( R ; k ). Summing up all m ultiplicit y inequalties for parab olic irreducible

ro ot subsystems of corank one in R yields lo w er b ounds for � ( R ; k ) as repro duced

in the table. Of course 0 is an upp er b ound for � ( R ; k ).

T ak e for example R = H

3

. There are six ro ot subsystems of t yp e I

2

(5) and

ev ery ro ot is con tained in exactly t w o of those. This giv es

� 2 dN � ( H

3

; k ) = 2

X

�> 0

m

�

=

X

S of t yp e I

2

(5)

0

@

X

� 2 S \ H

+

3

m

�

1

A

� � 6 dN � ( I

2

(5) ; k ) = � 3 dN ( � ( H

3

; k ) + 1)

and th us a lo w er b ound for � ( H

3

; k ) of � 3.

In ev ery case satisfying the b ounds listed ab o v e one can explicitly construct

a non constan t monomial in A

N

( R ; k ). F or example if m is an y m ultiple of

� N � ( H

3

; k ) then the monomial

Y

� 2 H

+

3

( �

�

)

m

is an elemen t of A

r

N

( H

3

; k ). This pro v es the theorem. 2

It is easy to c hec k that the homomorphisms �

S;R

map A

r

N

( R ; k ) in to A

r

N

( S; k )

and hence restrict to homomorphisms �

r

S;R

.
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Theorem 4.18 If R is of typ e A

n

or B

n

and � ( R ; k ) lies in the hyp erb olic r ange

then al l �

r

S;R

ar e surje ctive. In any of the c ases ( F

4

; p; q ) with p = 2 , q � 12

or p = 3 and q 2 f 3 ; 4 ; 6 ; 12 g or p = 4 and q = 4 the homomorphisms �

r

S;R

ar e surje ctive. In the latter c ases we take the multiplicity p ar ameter k such that

k

R

= f 1 = 2 � 1 =p; 1 = 2 � 1 =q g .

Pro of: In fact in all these cases a monomial in A

r

N

( S; k ) has a monomial

preimage in A

r

N

( R ; k ). It su�ces to consider S of corank one in R .

Supp ose R is of t yp e A

n

and S is of t yp e A

n � 1

. Let m 6= 0 b e a m ultiplicit y

parameter on S suc h that the corresp onding monomial is an elemen t of A

N

( R ; k )

sa y . If m

0

is a m ultiplicit y parameter on A

n

suc h that its restriction to S is m

then it is not hard to c hec k that the monomial corresp onding to m

0

is an elemen t

of A

N

( R ; k ) if and only if for ev ery � 2 A

n

n S

m

0

�

�

0

@

X

� ? �

m

�

1

A

+ N � ( A

n � 2

; k )

and of course

P

� 2 A

n

m

�

= � N � ( A

n

; k ). Note that ro ots p erp endicular to �

form a system of t yp e A

n � 2

con tained in S . All these inequalities can indeed

b e ful�lled exactly if � 1 � � ( A

n

; k ) < 0.

The case R = B

n

can b e treated with a similar argumen t in v olving ro ot sub-

systems of corank one and t w o.

The listed cases for F

4

w ere c hec k ed on a computer. This w as done b y only

considering the extremal m ultiplicit y parameters on corank one susbsystems.

The computation then amoun ts to a feasibilit y test of a set of linear inequalities.

2

If in an y of the cases in theorem 4.18 � ( R ; k ) is strictly greater than the lo w er

b ounds listed in the table ab o v e then there exists a m ultiplicit y parameter m

suc h that all inqualities on m corresp onding to ro ot subsystems are strict in-

equalities. This implies in particular that A

r

N

( R ; k ) has su�cien tly man y ele-

men ts to ensure that �

R

is an immersion on V

r eg

with cyclic orbits as �bres.

W e conclude this c hapter with a �nal remark.

Remark 4.7 Supp ose R and k ar e such that � ( S; k ) > 0 for every p ar ab olic

irr e ducible r o ot subsystem S of c or ank at le ast two in R . Then inste ad of c on-

sidering Q ( R ; k ) it su�c es for the purp ose of pr oving the main the or em to blow

up V

R

in al l one dimensional line ar subsp ac es with a h yp erb olic stabilizer.

In p articular this su�c es to hand le al l c ases wher e R has r ank thr e e. A lso

( H

4

; 3) and ( F

4

; p; q ) with p = 2 and q = 4 ; 5 or p = 3 and q = 4 ar e other

examples. Se e the tables in the next chapter.

It is an inter esting question if in gener al the variety Q ( R ; k ) (or one with similar

pr op erties) c an b e obtaine d by suc c esive blow ups and blow downs of V

R

.
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Chapter 5

T ables

5.1 The mark ed Co xeter diagrams

This c hapter con tains the tables of mark ed Co xeter diagrams of elliptic, para-

b olic and h yp erb olic t yp e for whic h the asso ciated complex re
ection group is

discrete in the suitable unitary group. F or some h yp erb olic diagrams discrete-

ness is still conjectural (see the remark in section 5.4). The tables list all cases

of rank at least t w o and with a mark that is at least three.

In the elliptic case the asso ciated re
ection group is �nite. In the parab olic case

it acts co compactly on a�ne space. F or h yp erb olic diagrams the asso ciated

re
ection group acts discretely on the complex h yp erb olic ball. In the h yp erb olic

case the action is co compact for all diagrams that do not con tain parab olic

sub diagrams. In all other cases it acts with co�nite v olume.

5.2 The elliptic diagrams

e e

p q

m

m 5 6 8 10

p 3 2 2 2

q 3 3 ; 4 ; 5 3 3

T yp e ( I

2

( m ) ; p; q )

e e e e

p p p p

rk 2 3 4

p 3 ; 4 ; 5 3 3

T yp e ( A

rk

; p )
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e e e e

p p p q

4

rk � 2 2 3

p 2 3 3

q � 3 3 ; 4 ; 5 2

T yp e ( B

rk

; p; q )

5.3 The parab olic diagrams

e e

p q

m

m 6 8 12

p 2 3 2 2

q 6 3 4 3

T yp e ( I

2

( m ) ; p; q )

e e e e

p p p p

rk 2 3 5

p 6 4 3

T yp e ( A

rk

; p )

e e e e

p p p q

4

rk 2 3 4

p 3 4 3 4 3

q 6 4 3 2 2

T yp e ( B

rk

; p; q )

e e e

3 3 3

e

3

T yp e ( D

4

; 3)

e e e e

3 3 2 2

4

T yp e ( F

4

; 3 ; 2)

5.4 The h yp erb olic diagrams

Diagrams that con tain a h yp erb olic prop er sub diagram are the result of the

theory in c hapter 4.
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e e

p q

m

1

p

+

1

q

< 1 �

2

m

m � 5 and p = q if m is o dd.

T yp e ( I

2

( m ) ; p; q )

e e e e

p p p p

rk 2 3

p � 7 5 ; 6 ; 7 ; 8 ; 9 ; 10 ; 12 ; 18

rk 4 5 6 7 8 9

p 4 ; 5 ; 6 ; 8 4 ; 5 3 3 3 3

T yp e ( A

rk

; p )

e e e e

p p p q

4

rk 3

p 3 4

q 4 ; 5 ; 6 ; 7 ; 8 ; 9 ; 10 ; 12 ; 15 ; 18 ; 24 ; 42 3 ; 4 ; 5 ; 6 ; 8 ; 12 ; 20

p 5 6 7 8

q 2 ; 3 ; 4 ; 5 ; 10 ; 20 2 ; 3 ; 4 ; 6 ; 12 2 ; 3 ; 42 2 ; 3 ; 4 ; 8 ; 24

p 9 10 12 18

q 2 ; 3 ; 18 2 ; 3 ; 5 ; 15 2 ; 3 ; 4 ; 6 ; 12 2 ; 3 ; 9

rk 4

p 3 4 5 6 8

q 3 ; 4 ; 6 ; 12 2 ; 3 ; 4 ; 6 2 2 ; 3 ; 6 2 ; 4

rk 5 6 7 8

p 3 4 3 4 3 3

q 2 ; 3 ; 4 ; 6 2 ; 4 2 ; 3 ; 6 2 2 ; 3 2

T yp e ( B

rk

; p; q )

e e e e e

e

p p p p p

p

p 3 ; 4

T yp e ( E

6

; p )

e e e e e e

e

3 3 3 3 3 3

3

T yp e ( E

7

; 3)

e e e e e e e

e

3 3 3 3 3 3 3

3

T yp e ( E

8

; 3)

116



e e e e

p p q q

4

p 2 3 4 6

q 4 ; 5 ; 6 ; 8 ; 12 3 ; 4 ; 6 ; 12 4 6

T yp e ( F

4

; p; q )

e e e

p p p

5

p 3 ; 4 ; 5 ; 10

T yp e ( H

3

; p )

e e e e

p p p p

5

p 3 ; 5

T yp e ( H

4

; p )
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Index of notations

_ , ^ , 84

( a; b )

m

, 41

Area ( 
 ), 18

A

r

N

( R ; k ), 110

Aut( X j Y ), 6

A ( k ), 56

A

N

( R ; k ), A

N

( R ; k ), 96

A

o

( k ), 62

A

`

, 65

B , 71

�

S

, 87

B , 71

B ( M ), 42

B ( M ; p ), 44

C

x

( k ), 91

C

alt

x

, 92

C

cone

Y

( k ), 93

C

cone

y

( k ), 93

Cone ( R

0

; R ), 87

C ( M ; p ), 65

�, 5, 42

� ( � ; � ), 76

�

1

, 72

D , 7, 42

d ( � ; � ), 28, 59, 63

D

�

, 24

( E ; ( � ; � )), 40

E , 51

E

S

, 54

E

v

( k ), 53

E

Q

Y

( k ), 108

E

Q

y

( k ), 107

ev , 11, 24, 55

e

j

( k ), 54

e

j

( k ; � ), 10

e

j

( z ), 16

F

S

, 53

F

�

S

, 55

F

v

, 53

�

S

, 103

�

c

S

, 104

�

S

0

;S

, 100

�

�

S

0

;S

, 104

' ( z

1

; : : : ; z

n

), 15

F

D

, 17

G

S

, 88

�, �( Y ), 87

�

o

, 87

�

W

( U ), 93

�

S

, 88

�

W

S

, �

W

�

, 93

�

�

, 90




R

0

;R

, 87

e

G , 72

G ( M ; p ), 45

H

S

( R ), 85

H

S

o

( R ), 85, 102

H , 45

H ( � ; � ), 19

H

�

, 48

H

�

, 63

[ i j ], 24
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�

R

, 102

I

o

R

, I

R

( Y ), 102

I

W

R

( U ), 108

K

0

, 44

` , 54

�, 66

L ( k ), 52

( M ; p ), 43

m

S

( P ), 96

M ( z ), 18

r ( k ), 49

� ( k ), 48, 51

� ( R ; k ), 91

N ( R

0

; R ), 83

P ol ( � ), 18

p ev, 24

�

1

( X ; x ), 6

�

r

, 58

P [ V ], 95

P

S

, 96

P

�

( w ), 19

Q , 23

Q ( R ; k ), 102

Q

f

( R ; k ), 108

( R

0

)

? ?

, 84

R ( R

0

; R ), R

o

( R

0

; R ), 83

Rev , 57

� , 53

�

�

, 55

~% ( k ), 49

% , 45

%

�

, 48

R , 40

S ( R

0

; R ), S

o

( R

0

; R ), 83

Sp ec ( A ), 93, 108

S ( z ; t ), 16

�

D

, �, 68

V ol( M ( z )), 18

V

r eg

, 41

V

U

, V

U

, 83

e

X , 57

X

�

r

( p ), 59

X

u

( p ), 58

X , 42
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Index

C

�

-action, 43

area (of lo ops), 18

Bessel functions, 52

birational map, 87

blo w up, 74, 105, 112

braid group, 8, 42

braid group, truncated, 44

Briesk orn's theorem, 43

Chev alley's theorem, 42

co v ering automorphism, 6

co v ering map, 6

Co xeter arrangemen t, 83

Co xeter diagram, 41

Co xeter diagram, mark ed, 43

Co xeter elemen t, 41, 46

Co xeter in tegers, 41

Co xeter matrix, 41

Co xeter n um b er, 41

Cremona cone, 82, 87

crystallographic group, 66

cuspidal line, 105, 108

cuspidal p oin t, 105

degree (of co v ering), 6

degree (of theta function), 68

discriminan t, 7

domain, 4

Dunkl connection, 49

Euler v ector �eld, 51

ev aluation map, 11, 24, 55, 94, 108

ev aluation map, restricted, 57

exp onen t (of diagram), 48

exp onen t (of di�eren tial equations),

53

exp onen t (of ro ot system with m ul-

tiplicit y parameter), 91

exp onen ts (of function), 26

facet, 43


at section, 50

fundamen tal group, 6

geometric quotien t, 14, 23

geometric realisation, 45

GIT, 23, 82, 95

Hartog's theorem, 5, 29, 59

Hermitian form, 59, 71

Hermitian structure, 19

h yp erb olic diagram, 70

h yp erb olic form, 19, 24, 47, 48

h yp ergeometric function, 14, 107

in v arian t factors, 67

isomorphism theorem, 5

Laplace op erator, 52

lo cal degree (of co v ering), 6

maxim um principle, 4, 80

mono drom y represen tation, 10, 24,

52, 93, 108

monomial, 110

Nilsson class, 9, 23, 91

op en mapping theorem, 4

parab olic diagram, 61
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parab olic form, 47, 63

P oincar � e-Bergman metric, 28, 76

p oin t group, 65

presen tation, 61, 64, 77

re
ection represen tation, 44

re
ection represen tation, logarithmic,

48

regular part, 89

Riemann extension theorem, 5

ro ot system, 40

ro ot system, parab olic, 83

Sc h w arz-Christo�el map, 16

sp ecial eigen v alue, 45

subregular, 8, 43

symmetric group, 7

symmetric p olynomials, 7

theta function, 65, 67

translation, 65

unit ball, 71

v anishing m ultiplicit y , 95

W ronskian, 11, 25, 55
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Complexe spiegelingsgro ep en en

h yp ergeometrisc he funkties

In de theorie v an eindige re • ele spiegelingsgro ep en zijn de resultaten b etre�ende

presen taties en in v arian ten theorie v an dergelijk e gro ep en nadrukk elijk aan w ezig.

V o or eindige (ev en tueel complexe) spiegelingsgro ep en in het algemeen is de in-

v arian ten theorie ev enzeer go ed b egrep en (in deze theorie is het niet v an b elang

om de ordes v an de v o ortbrengende spiegelingen te k ennen). Op het gebied v an

presen taties v an deze algemenere gro ep en ligt dat anders. Hier zijn presen taties

b esc hrev en do or deze met een computer gev al v o or gev al te testen, hetgeen in

essen tie mogelijk is daar de b etrokk en gro ep en eindig zijn.

In dit pro efsc hrift w ordt v an een zek ere klasse v an complexe spiegelingsgro ep en

(w aaronder zo w el eindige (Shephard-gro ep en) als niet-eindige gro ep en v allen)

op een in trinsiek e manier resultaten b ew ezen b etre�ende presen taties en in v ari-

an ten.

Belangrijkste h ulpmiddel bij het opzetten v an deze theorie zijn de h yp erge-

ometrisc he funkties geasso cieerd met w ortelsystemen. In het bijzonder de al-

gebra • �sc he en meetkundige k an t v an het analytisc h v o ortzettingsgedrag w ordt

uitgebreid b estudeerd.

Ho ofdstuk 1 sc hetst de gev olgde metho den aan de hand v an de symmetrisc he

gro ep. Ho ofdstuk 2 trac h t reeds b ek end w erk v an Deligne en Mosto w in meer

elemen taire termen uiteen te zetten. Ho ofdstuk 3 v orm t in w ezen de k ern v an

dit pro efsc hrift en b ehandelt willek eurige eindige w ortelsystemen met daaraan

gerelateerde complexe spiegelingsgro ep en. Ho ofdstuk 4 tenslotte is een aanzet

om resultaten v an ho ofdstuk 3 in een algemenere v orm te kunnen b egrijp en en

b ewijzen. Dit laatste ho ofdstuk is v o ornamelijk meetkundig v an aard.
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